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ä±9 Fréchet-Urysohn �m¥� cs′ �ä´ cn �ä, Ó�Þ~`²
�
�

ä3,
�m¥ØU�p=z. ��, y²
äk:�ê Pytkeev �ä��m

X ´�Ýþz���=� X ´ M �m, ±9�K� q �m X ´1��ê�

m��=� X äkr Pytkeev 5�.

1 2 !Ì�?Ø
äk:�ê cn �ä��m¤äk�CX5�, y²


äk:�ê cn �ä�ÿÀ�m´æ Lindelöf � D �m, d(J�½/£�


¯K 2 ±9Ü©£�
¯K 3. �!���
�
'uäkÛÜ�ê (strict)

Pytkeev �ä (½ cn �ä) �m�(J.

1 3 !�7¯K 4 ÐmïÄ, ?Ø
äkA½ Pytkeev �ä (½ cn �ä)

�m�N�5�,y²
4N�Úk����mN��± Pytkeev�ä,±9�

mN��± cn �ä, ¿�?�Ú/`²
4N��±äk:�ê Pytkeev �

ä��m. Ó�, �ÑA�~f`²,
äkA½ Pytkeev �ä�mØU��


N��±.

1nÙ(Ü sensor xÚ Pytkeev �ä�Vg, Ú\
äk sensor � strict

Pytkeev �ä ({¡: sp �ä), �7¯K 1 Ú¯K 4, XÚ?ØäkA½ sp �

ä��m�5�±9§���«2ÂÝþ�ma�m�éX.

1 1 !Äu T. Banakh � strict Pytkeev �äÚ A.V. Arhangel.skǐı �
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Abstract

Researches on Pytkeev networks and related matters

Major: Fundamental Mathematics

Graduate Student: Liu Xin Supervisor: Lin Shou

This thesis is devoted to studying (strict) Pytkeev networks, k-networks and

related questions in the theory of generalized metrizable spaces as follows:

Question 1: [43] Does which topological spaces some of the types of networks

coincide?

Question 2: [68] Is every Fréchet-Urysohn space with a point-countable cs′-

network a meta-Lindelöf space?

Question 3: [91] Is every sequential space with a point-countable wcs∗-network

a D-space?

Question 4: [43] Find a characterization of P0-spaces or P-spaces analogous to

the spaces which are some images of separable metrizable spaces or metrizable spaces?

Question 5: [18] Is there a ZFC-example of a sequential space X with sbχ(X) <

ψ(X) or at least cs∗χ(X) < ψ(X)?

Question 6: [68] Let f : X → Y be a closed mapping, where X is a k-space with

a compact-countable k-network. Is f a boundary-s-mapping if Y contains no closed

copy of Sω1?

Question 7: [68] Suppose that f : X → Y is a sequence-covering boundary-

compact mapping. Is f a 1-sequence-covering mapping if X satisfies one of the fol-

lowing conditions?

(1) Every compact subset of X has a countable sn-network in X.

(2) Every compact subset of X has a countable outer sn-network in X.

(3) X has a compact-countable sn-network.

Question 8: [4] Is every countably-sensitive topological group metrizable?

Question 9: [27] Is a countably compact space X with a point-countable k-

network metrizable if X has countable tightness?

The main contents of this paper are chapter two, three and four.
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In Chapter 2, we systemically investigate the properties of the spaces with certain

Pytkeev networks, including its relationship with various networks, covering proper-

ties, mapping properties, and so on.

In Section 2.1, we start the research around Question 1, discuss the relationship

with certain networks, which involve Pytkeev networks, strict Pytkeev networks, cn-

networks, k-networks, wcs∗-networks and cs′-networks, and prove that each point-

countable Pytkeev network for a space is a quasi-k-network, each cn-network for a

space is a cs′-network, each wcs∗-network in a sequential space is a Pytkeev network,

and each cs′-network in a Fréchet-Urysohn space is a cn-network. Secondly, some

examples are given to illustrate that some networks can not be transformed each

other in some specific spaces. Finally, we prove that each space with a point-countable

Pytkeev network is metrizable if and only if it is an M -space, and every regular q-space

with the strong Pytkeev property is a first-countable space.

In Section 2.2, we detect the covering properties on spaces with certain cn-

networks, and prove that every space with a point-countable cn-network is a meta-

Lindelöf D-space, which gives an affirmative answer to Question 2 and a partial answer

to Question 3, and obtain some characterizations of spaces with a locally countable

strict Pytkeev network (cn-network).

In Section 2.3, we start the research around Question 4, establish some mapping

theorems on spaces with certain Pytkeev networks (cn-networks), and prove that

Pytkeev networks are preserved by closed mappings and finite-to-one pseudo-open

mappings, and cn-networks are preserved by pseudo-open mappings, in particular,

spaces with a point-countable Pytkeev network are preserved by closed mappings.

Some examples which show spaces with certain Pytkeev networks are not be preserved

by some mappings are constructed.

In Chapter 3, based on the notions of strict Pytkeev networks and sensor families,

strict Pytkeev networks with sensors (abbr. sp-network ) are introduced in this part.

We start the research around Questions 1 and 4, systemically investigate the properties

of the spaces with sp-networks and their communications with some classic generalized

metrizable spaces.

In Section 3.1, we introduce and study a complex notion which is called a strict

Pytkeev network with sensors (abbr. sp-network), based on the notions of T. Banakh’s

strict Pytkeev networks and A.V. Arhangel.skǐı’s sensor families, we obtain certain

relationship among the notions of sp-networks, (strict) Pytkeev networks, cn-networks,
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k-networks, wcs∗-networks and cs′-networks, and some examples are given to illustrate

that some networks can not be transformed each other in some specific spaces.

In Section 3.2, we study some topological properties of spaces with a point-

countable sp-network, and prove thatX is a k-space with a point-countable sp-network

if and only if it is a pseudo-open s-image of a metrizable space, and each regular feebly

compact space with a point-countable sp-network has a point-countable base.

In Section 3.3, we discuss spaces with a σ-closure-preserving sp-network, obtain a

new characterization of stratifiable spaces, that is, a topological space is a stratifiable

space if and only if it is a regular space with a σ-closure-preserving sp-network; and

prove that every regular space with a σ-locally finite sp-network has a σ-discrete

sp-network.

In Chapter 4, several examples are constructed and some proofs are simplified.

We also discuss the applications of sp-networks in topological algebra, and give some

answers or partial answers to Questions 5-9.

In Section 4.1, we give a couple of examples as follows: there exists a quotient s-

image of a metric space which does not have countable pseudocharacter; there exists a

closed and non-boundary-s-mapping f : X → Y such that X has a compact-countable

base and Y contains no closed copy of Sω1 ; there exists a sequence-covering mapping

f from a space X with a countable sn-network onto a space Y such that f is not a

1-sequence-covering mapping. These examples give some answers or partial answers

to Questions 5, 6 and 7.

In Section 4.2, we prove that let X be the countable Tychonoff product space of

regular k-spaces with a point countable k-network, then every subspace Y of X has

a point-countable base if and only if it has countable fan-tightness, which generalized

X.F. Feng and K. Tamano’s result [33]. We introduce p-Pytkeev networks in this part,

and the process of proof of the theorem “a totally countably compact space with a

point-countable p-k-network is metrizable”of Cai and Lin [27] is simplified.

In Section 4.3, we discuss some applications of sp-character in topological spaces

with algebra structures, prove that every topological groupX satisfies that spnw(X) =

d(X)spχ(X), and a topological group X is metrizable if and only if it is a k-space with

countable sp-character. There is a non-Fréchet-Urysohn, sequential topological group

with a countable strict Pytkeev network, which gives a negative answer to Question 8.

We also prove that under CH there is a non-metrizable, countably compact topological

group X with a point-countable k-network, and countable tightness, which gives a
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negative answer to Question 9.

At the same time, some interesting questions are posed.

Key Words: Pytkeev-networks; strict Pytkeev-networks; stratifiable spaces; k-

networks; meta-Lindelöf spaces; D-spaces; sensor; pseudo-open mappings; topological

groups.
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ÛÜk� sp �ä��K�mäk σ lÑ sp �ä. ù
(JÜ©£�
¯K

0.0.2 Ú¯K 0.0.3.

1966 c A.V.Arhangel’skǐı 3¶Í Mappings and spaces ¥JÑ
eã¯

K: �xÝþ�m�û s N�. 1987 c, Y. Tanaka [105] ^äk:�ê cs∗ �

ä�S��m�Ñ
T¯K�Ð�£�: ÿÀ�m X ´äk:�ê cs∗ �ä�

S��m��=� X ´Ýþ�m�û s N�. ù¦��1ÿÀÆó�öéä

k cs∗ �ä�S��m�)
ßþ�,�. Ù¥, T. Banakh Ú L. Zdomsky̌ı

3ê¶úne�E
äkeã5��~f [18, ½n 5]: �3S��m X ÷v

cs∗χ(X) < ψ(X); �3S��m X ÷v sbχ(X) < ψ(X). �
?�Ú
)äk

cs∗ �ä�S��m¤äk�5�, T. Banakh Ú L. Zdomsky̌ı JÑ
eã¯

K.

¯K 0.0.8 [18] 3 ZFC e, ´Ä�3S��m X ÷v: sbχ(X) < ψ(X) ½ö

cs∗χ(X) < ψ(X)?

Cc5, é:�êCX9�'N�nØ�ïÄ´2ÂÝþ�mnØ���

­�ïÄ��. 2ÂÝþnØ�CX5�nØ¥�Nõ¯KÑ�9:�êCX

�ïÄ.�«nØ´Ääk)·å9Ù)·å�rf,�ä�IO��Ò´wT

nØg�½ö�Ù¦Æ��m´ÄU±YØä��)#�¯K. 2015 c, �Æ

iv



?¾Ñ��;Í5:�êCX�S�CXN�6 [67] o(
ISþ'u:�ê

CX9�'N�nØ�ïÄ¤J,µã
Æ��uÐª³,Ù¥JÑ��þ¯K

¤�T���kd��ïÄ�¢, Ù¥��
¯K�9äk:�êÄ�m�Ý

þ�m�;CXN�, Úå
�1ÿÀÆó�öé:�êCX9�'N�nØ

�ïÄ,�. X, 2016 c, �ÆÚé�]?Ø
4N�!>�;N�ÚS�CX

N���'5�, JÑ
eã¯K.

¯K 0.0.9 [68] � f : X → Y ´4N�, Ù¥ X ´äk;�ê k �ä� k �

m. XJ Y Ø¹4f�mÓ�u Sω1, @o f ´>� s N�í?

¯K 0.0.10 [68] � f : X → Y ´S�CX>�;N�. XJ�m X ÷ve

�?�^�, f ´ 1 S�CXN�í?

(1) X �?¿;f83 X ¥äk�ê sn �ä.

(2) X �?¿;f83 X ¥äk�ê	 sn �ä.

(3) X k;�ê sn �ä.

�©1oÙÌ��7�:�ê5�'�A�¯KÐmïÄ, �E
A�~

f, Ü©£�
¯K 0.0.8, Ä½£�
¯K 0.0.9 Ú¯K 0.0.10, �{z�
½

n�y².

ÿÀ�ê´��ÿÀÆ%ÇuÐ���­�ïÄ��.{ü5`,ÿÀ�ê

´ÿÀ(�Ú�ê(��kÅ(Ü,3�ê(�þD�ØÓ�ÿÀ,l
)¤


�«//ÚÚ��m, XÿÀ+!ÿÀ�!ÿÀ��. ÿÀ+��ÿÀ�ênØ

¥�Ø%Vg��,��äkéõ`{�5�. X, 1934c, Pontryagin [93]y²


z� T0 ÿÀ+´���K�; 1936c, G. Birkhoff [20]Ú S. Kakutani [58]©

OÕáy²
z�1��ê�ÿÀ+´�Ýþz�; 1942 c, N. Bourbaki y²


z�ÛÜ;�ÿÀ+´�;�. Cc5, T. Banakh Ú L. Zdomsky̌ı [18] y²


äk�ê cs∗A��S�ÿÀ+´äk σÛÜk� k�ä���m,Ó�§�

o�Ýþ,�o¹kg�Ýþz� kω mf+ [18,½n 1]. A.V. Arhangel’skǐı [4]

�Ñ�3 Fréchet-Urysohn �ÿÀ+¦ÙØ´�Ýþz�, ¿y²
eã(J.

� G ´ÿÀ+� G ´ Fréchet-Urysohn �m. e G 3,:?k�ê sensitive,

K G �Ýþz [4, ½n 4.9]. T. Banakh Ú A. Leiderman y²
ÛÜ narrow

�ÿÀ+ G äkr Pytkeev 5���=� G ´�Ýþz� [15, ½n 7]. u´

kXe¯K.

v



¯K 0.0.11 [4, p. 106] äk�ê sensitive �ÿÀ+´Ä�Ýþz?

¯K 0.0.12 äkr Pytkeev 5��S�ÿÀ+´Ä�Ýþz?

¯¤±�, äk:�ê k �ä�;�m´�Ýþz� [51]. G. Gruen-

hage!E.A. Michael Ú Y. Tanaka 3©z [51] ¥`²
�3äk:�ê k �ä

��ê;�m´Ø�Ýþz�. 2015 c, é�]Ú�Æ [27] y²
äk:�ê

k �ä�S�;�m´;�Ýþz�. Ï�S�;�m´�ê;�,¤±¦�J

Ñ
eã¯K

¯K 0.0.13 � X ´äk:�ê k �ä��ê;�m, XJ X ´äk�ê

tightness, @o X ´Ä�Ýþz?

�©�1oÙ�?Ø
 sp �ä3ÿÀ�ê¥��
A^, y²
ÿÀ+

G ´�Ýþz���=� G ´äk�ê sp A�� k �m, ¿Þ~`²�3ä

k�ê strict Pytkeev �ä�ÿÀ+ X, ¦Ù´S��m, � X Ø´ Fréchet-

Urysohn �m, d(JÄ½�£�
¯K 0.0.11 Ú 0.0.12. ��, ·�|^ÿÀ

+�E
��~f, d~f`²3 CH e�3äk:�ê k �ä��ê;ÿ

À+ X,¦Ùäk�ê tightness,�Ø�Ýþz,d(JÄ½£�
¯K 0.0.13.
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§1.1 PÒÚâ�

�½: �mþ�÷v T2 ©lún�ÿÀ�m, N�þ´ëY÷�.

�!0��
~^�PÒÚâ�.

± R L«¢��, N,Q Ú I ©OL« R ���êf8!knêf8Úü
 4«m. P S = {0} ∪ {1/n : n ∈ N}. ω kn«¹Â, �´ R �g,êf8
N∪ {0}, �´1��Ã�Sê, n´���Ã�Äê, §��(�¿Â3þe©

¥´Ø¬· �. ω1 ´1��Ø�êSê.

éu�m X, τ(X), 3ØÚå· �¹eP� τ , L« X þ�ÿÀ. τ c(X)

L« X ¥��N4f8.

éÿÀ�m X, X ¥�S� {xn}n∈N ¡��²��, XJ�� xn ´pØ

�Ó�.

é X �8x P, P

P<ω = {P ′ ⊂P : P ′ k�};

é A ⊂ X, x ∈ X, P

(P)x = {P ∈P : x ∈ P};

(P)A = {P ∈P : P ∩ A 6= ∅};

st(A,P) =
⋃

(P)A, st(x,P) =
⋃

(P)x;

P|A = {P ∩ A : P ∈P}.

8Ü A �ÄêP� |A|. �m X ��½Â�

ω(X) = min{|P| : P ´�m X �Ä}.

�m X �È�Ý½Â�

d(X) = min{|D| : D ´�m X �È�f8}.

1
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�m X 3: x ��A�½Â�

ψ(X, x) = min{|U | : P ´�m X �m8x�
⋂

U = {x}}.

�m X ��A�½Â�

ψ(X) = sup{ψ(X, x) : x ∈ X}.

§1.2 f1��ê�ma��ä

½Â 1.2.1 [71] � X ´�ÿÀ�m, P ⊂ X.

(1) e X ¥�S� {xn}n∈N Âñu x, ¡ {xn}n∈N ´ªu P �, XJ�3

m ∈ N ¦� {x} ∪ {xn : n ≥ m} ⊂ P .

(2) P ¡� X ¥�: x �S���, e X ¥�S� {xn}n∈N Âñu x,

K {xn}n∈N ªu P .

(3) P ¡� X �S�m8, e P ´ P ¥z�:�S���.

(4) P ¡� X �S�48, e X \ P ´ X �S�m8.

(5) X ¡�S��m, e X �z�S�m8´ X �m8.

(6) X ¡�äk�ê tightness, e x ∈ A, K�3 A ��êf8 C ¦�

x ∈ C; P� t(X) ≤ ω.

(7) X ¡� k �m, e A ⊂ X ¦�é X �z�;f8 K k K ∩A ´ K

�4f8, K A ´ X �4f8.

(8) X ¡� Fréchet-Uryshon �m, e x ∈ A ⊂ X, K�3 A ¥:|¤

�S� {xn}n∈N ¦�3 X ¥ {xn}n∈N Âñu x.

w,, 1��ê�m ⇒ Fréchet-Uryshon �m ⇒ S��m ⇒ �ê tight-

ness, k �m. ù
�maÚ¡�f1��ê�m. ´�y, éu�m X �f8

P , e X ¥z�Âñu x �S��3f�ªu P , K P ´ x 3 X ¥�S��

�.

½Â 1.2.2 � P ´�m X �CX.

(1) P ¡� X ��ä [32, p. 127], e X ¥�z�mf8´ P �,f8

x�¿.
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(2) P ¡� X � ([) k�ä [49,½Â 11.1],eéu X ¥�z� (�ê;)

;f8 K 9 X ¥�¹ K �mf8 V , �3 P ′ ∈P<ω ¦� K ⊂
⋃

P ′ ⊂ V .

(3) P ¡� X � cs �ä [52], e X ¥�S� {xn}n∈N Âñu x � V ´

x 3 X ¥���, K�3 P ∈P ¦�S� {xn}n∈N ªu P � P ⊂ V .

(4) P ¡� X � cs∗ �ä [47, ½Â 3], e X ¥�S� {xn}n∈N Âñu
x � V ´ x 3 X ¥���, K�3 P ∈P ¦�S� {xn}n∈N �,f�ªu
P � P ⊂ V .

(5) P ¡� X � cs′ �ä [68], e X ¥�S� {xn}n∈N Âñu x � V

´ x 3 X ¥���, K�3 P ∈P 9 m ∈ N ¦� {x, xm} ⊂ P ⊂ U .

(6) P ¡� X � cn �ä [43], eé x ∈ X �?¿�� U , Ñk
⋃
{P ∈

P : x ∈ P ⊂ U} ´ x ���.

(7) P ¡� X � wcs∗ �ä [69, p. 79], e X ¥�S� {xn}n∈N Âñu
x � V ´ x 3 X ¥���, K�3 P ∈P Ú {xn}n∈N �,f� {xni}i∈N 9
m ∈ N ¦� P ⊂ U � {xni : i ≥ m} ⊂ P .

(8) P ¡� X � (strict) Pytkeev �ä [11], e P ´ X ��ä�é

x 3 X ¥�?��� U ±9 X ¥± x �à:�f8 A, �3 P ∈ P ¦�

(x ∈)P ⊂ U � P ∩ A ´Ã�8.

�½: x ∈ X, P ¡� x 3 X ¥��ä (½ cs �ä!cs∗ �ä!cs′ �

ä!cn �ä!wcs∗ �ä!), e x ∈
⋂

P � P 3: x ?÷vþã^� (1) (½

(3)!(4)!(5)!(6)!(7)).

P ¡� x 3 X ¥� (strict) Pytkeev �ä, e P ´ x 3 X ¥��

ä�é x 3 X ¥�?��� U±9 X ¥± x �à:�f8 A, �3 P ∈P

¦� (x ∈)P ⊂ U � P ∩ A ´Ã�8.

ù
�ä�m�Ä�'XXeã¤«.

�����

Ä

?

[ k �ä - k �ä

?
k �m[11]

Pytkeev �ä - wcs∗ �ä

?

��
�*

strict Pytkeev �ä -

?

cs∗ �ä
�
��*

?
cn �ä - cs′ �ä

íØ 2.1.13
- �ä

ã1
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w,, Ä´ k �ä, �Ø�½´[ k �ä. ¯¢þ, - X = [0, ω1), ¿D�

ÙSÿÀ. � P = {U ⊂ X : U ´m8��3 α < ω1 ¦� U ⊂ [0, ω1)}, K P

´ X �Ä. d P �À���, X ØU� P ¥k���CX, qÏ� X ´�

ê;�m, ¤± P Ø´ X �[ k �ä.

dþã�ä��)�1­��2ÂÝþ�ma. X, äk�ê�ä��K

�m¡� cosmic �m [79, p. 993]; äk�ê k �ä��K�m¡� ℵ0 �m
[79, ½Â 1.2]; äk�ê Pytkeev �ä��K�m¡� P0 �m [11, ½Â 1.2].

w,, P0 �m´ ℵ0 �m, ℵ0 �m´ cosmic �m.

½Â 1.2.3 ��m X �f8x P =
⋃
x∈X Px ÷v: éu x ∈ X, Px ´ x

3 X ¥��ä, ¿�XJ U, V ∈Px, @o�3 W ∈Px ¦� W ⊂ U ∩ V .

8x P ¡� X � sn �ä [64], ez� Px ��´ x 3 X ¥�S��

�. þã Px ¡� x 3 X ¥� sn �ä.

e�m X �z�:Ñk�ê sn �ä, K¡ X ´ snf �ê�m.

5 1.2.4 éu�m X 9 x ∈ P ⊂ X, “P ´ x �S���”�¡� P ´ x �

sequential barrier [18]. ¤±, T. Banakh Ú L. Zdomsky̌ı ¡ snf �ê�m�ä

k�ê sb A���m.

½Â 1.2.5 [72] � A ´�m X ���f8.

(1) 8x P =
⋃
x∈A Px ¡� A �	 sn �ä, Ù¥z� Px ´ x 3 X

¥� sn �ä.

(2) X �f8x P ¡� A 3 X ¥� sn �ä, e P ¥�z�� P ´

A ¥z�:�S���, ¿�é X ¥z��¹ A �m8 V , �3 P ∈P ¦

� P ⊂ V .

§1.3 N�a

½Â 1.3.1 [32] �N� f : X → Y .

(1) f ¡�;N� (½k���N�!s N�!Lindelöf N�), ez�

f−1(y) ´ X �;f8 (½k�f8!�©f8!Lindelöf f8).

(2) f ¡�>�;N� (>� s N�), ez� ∂f−1(y) ´ X �;f8 (�

©f8).
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(3) f ¡�ûN�, e f−1(U) ´ X �mf8, K U ´ Y �mf8.

(4) f ¡��mN�, e V ´ X �mf8� f−1(y) ⊂ V , K f(V ) ´ y 3

Y ¥���.

(5) f ¡�mN�, e V ´ X �mf8, K f(V ) ´ Y �mf8.

(6) f ¡�4N�, e F ´ X �4f8, K f(F ) ´ Y �4f8.

(7) f ¡���N�, e f ´4�;�N�.

w,,mN�´�mN�,�mN�´ûN�. k���4N�´��N�,

��N�´4N�, 4N�´�mN�.

½Â 1.3.2 �N� f : X → Y .

(1) f ¡�;CXN� [79], e Y �?�;f8´ X ¥,;f83 f e

��.

(1) f ¡�S�ûN� [21], e {yn} ´ Y ¥�ÂñS�, @o�3 {yn}
�fS� {yni} Ú X ¥�ÂñS� {xi} ¦�z� xi ∈ f−1(yni).

(1) f ¡�S�CXN� [99], e {yn} ´ Y ¥�ÂñS�, @o�3 X

¥�ÂñS� {xn} ¦�z� xn ∈ f−1(yn).

(1) f ¡� 1 S�CXN� [64], eéu y ∈ Y , �3 x ∈ f−1(y) ÷v: X

J Y ¥�S� {yn} Âñu y, @o�3 X ¥Âñu: x �S� {xn} ¦�
z� xn ∈ f−1(yn).

w,, 1 S�CXN�´S�CXN�, S�CXN�´S�ûN�.
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1�Ù Pytkeev �ä

2015c, T. BanakhÚ\
 (strict) Pytkeev�ä�Vg [11,½Â 1.1],?Ø


 (strict) Pytkeev �ä� k �ä!cs∗ �ä�m�'X, y²
�ê� (strict)

Pytkeev�ä´ k �ä (cs∗ �ä), ¿`²
_·K3 k �m (Fréchet-Urysohn

�m) ¥Ó�¤á [11], Ó��ïÄ
 (strict) Pytkeev �ä3¼ê�mÚÿÀ

�ê¥�A^. ��, S.S. Gabriyelyan Ú J. Ka̧kol [43] JÑ
 cp �ä!ck �

äÚ cn �ä�Vg, ?Ø
§�� (strict) Pytkeev �ä�m�'X, y²


eÿÀ�m X 3: x ?äk�ê cn �ä, K X 3: x ?äk�ê tightness

[43, ·K 2.3], ¿3¼ê�mÚÿÀ�þ�m¥�
éõ� strict Pytkeev �ä

k'�ó� [44].

3�Ù, ·�Ì��7¯K 0.0.1!̄ K 0.0.4 ±9¯K 0.0.5 ÐmïÄ, X

Ú?Ød Pytkeev �ä¤½Â�ÿÀ�m�Ä�5�, �¹§��a�ä�m

�'X, CX5�, N�5��, £�½Ü©£��'¯K.

§2.1 Pytkeev �ä�Ä�5�

��!·�Ì�0� Pytkeev�ä�Vg,?ØÙ� k�ä!wcs∗�ä!cs′

�ä9 cn�ä�m�S3éX,y²
:�ê Pytkeev�ä´[ k�ä±9cn

�ä´ cs′�ä,¿`²
S��m¥� wcs∗�ä´ Pytkeev�ä±9 Fréchet-

Urysohn �m¥� cs′ �ä´ cn �ä, Ó�Þ~`²
�
�ä3,
�m¥

ØU�p=z. ��y²
ÿÀ�m X ´�Ýþz���=� X ´äk:�

ê Pytkeev�ä� M �m, ±9�K� q �m X ´1��ê�m��=� X

äkr Pytkeev 5�.

ÿÀ�m X �f8x P ¡� X �:�ê8x, eéuz� x ∈ X,

{P ∈ P : x ∈ P} ´�ê�. T. Banakh [11, ·K 1.6] y²
:�ê Pytkeev

�ä´ k �ä. ¯¢þ, ·��±���r�(J.

½n 2.1.1 :�ê Pytkeev �ä´[ k �ä.

y² � P ´ÿÀ�m X �:�ê Pytkeev �ä. éu X ¥�?¿�ê

;f8 K 9�¹ K �mf8 U , P PU = {P ∈ P : P ⊂ U}. é?¿�

7
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x ∈ U , P Px = {P ∈ PU : x ∈ P}. w,, Px ´�ê�. ÏdØ�b�

Px = {Pi(x)}i∈N.

ey: P ´ÿÀ�m X �[ k �ä.

e P Ø´[ k �ä, Ké P �?¿k�f8x F k K *
⋃

F . À�

x1 ∈ K, K�3 x2 ∈ K ÷v x2 ∈ K \ P1(x1). ±daí, ·��±8BÀ� K

¥�S� {xk}k∈N ¦�é?¿� n ∈ N Ñk xk+1 ∈ K \
⋃
i,n<k Pi(xn). w,,

é?¿� i, n < k, xk /∈ Pi(xn). Ï� K ´�ê;�, ¤±S� {xk}k∈N 3 K

¥kà:. �à:� y. - A = {xk : k ∈ N}. l
k y ∈ A \ A. Ï� P ´

X � Pytkeev �ä, ¤±�3 P ∈ P ¦� P ⊂ U � P ∩ A ´Ã�8. À�

xi ∈ P ∩ A. l
�3 m ∈ N, ¦� P = Pm(xi). �â xi �À�5K��, �

k > m, i, xk /∈ Pm(xi). ¤±k |Pm(xi)∩A| ≤ max{m, i}, ù� P ∩A ´Ã�8
gñ.

Ïd, P ´ X �[ k �ä. y..

5 2.1.2 þã½n�_·K¿Ø¤á.

¯¢þ, - X = N ∪ {p} ⊂ βN, Ù¥ βN ´ N � Čech-Stone ;z,

p ∈ βN \ N. N´�y X ¥�?¿�ê;f8´k�8. Ïd, {{x} : x ∈ X}
´ X ��ê[ k �ä. �´, d©z [11, ~ 1.11] ��, X Øäk:�ê�

Pytkeev �ä.

e¡�~f`²½n 2.1.1 ¥�^� “:�ê” ØU�K.

~ 2.1.3 �3��;�m X þ strict Pytkeev �ä, ¦ÙØ´ k �ä.

y² - X = [0, ω1], ¿D� X SÿÀ. ´�, X ´;�m. P L ´ X ¥�N

4�Sê¤|¤�8Ü. é?¿� α < ω1, n < ω, -

Pα,n = ({β + n : β ∈ L} ∩ (α, ω1]) ∪ {ω1}.

w,, (α, ω1] =
⋃
n<ω Pα,n. é?¿� x ∈ X, À� X ¥�f8x Px ÷vXe

5�µ� x 6= ω1 �, - Px ´ x ?�ÛÜÄ�÷v
⋃

Px ⊂ [0, x]; � x = ω1

�, - Px = {Pα,n : α < ω1, n < ω}. � P =
⋃
x∈X Px. w,, ω1 �¹u P ¥

ω1 õ��¥. Ï� X ´;�m�ØU� P ¥k�õ��CX, ¤± P Ø´

X ¥� k �ä.
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ey, P ´ X � strict Pytkeev �ä.

w,, P ´ X ¥��ä. éu X ¥�?¿�: x 9 x �?¿�� U Ú

X ¥± x �à:�f8 A. Ø�b� x = ω1, K�3 α < ω1 ÷v (α, ω1] ⊂ U .

Ï� x ´ A �à:, K A ∩ (α, ω1] ´Ø�ê8. qÏ�

A ∩ (α, ω1] =
⋃
n<ω

A ∩ Pα,n,

K�3 n < ω, ¦� A ∩ Pα,n ´Ã�8. w, x ∈ Pα,n ⊂ U .

Ïd P ´ X ¥� strict Pytkeev �ä. y..

ÿÀ�m X ¡� M �m [82, p. 150], e�3Ýþ�m M 9 M � X �

4N� f ¦Ù÷vé X ¥�?¿�: x k f−1(x) ´ X ¥��ê;8.

d½Â´�, Ýþ�mÚ�ê;�m´ M �m. Ï��m X ´�Ýþz

���=� X ´äk:�ê[ k �ä� M �m [51, íØ 4.2], ¤±·�ke

ãíØ.

íØ 2.1.4 ÿÀ�m X ´�Ýþz���=� X ´äk:�ê Pytkeev �ä

� M �m.

ÿÀ�m X ¡�äk�ê fan-tightness [6], e X ¥�8� {An}n∈N 9
x ∈

⋂
n∈NAn, Kéz� n ∈ N, �3 An �k�f8 Bn ¦� x ∈

⋃
n∈NBn.

w,, e�m X äk�ê fan-tightness, K X äk�ê tightness.

·��I��X�Ún.

Ún 2.1.5 [11, ·K 1.7] k �m¥� k �ä´ Pytkeev �ä.

Ún 2.1.6 [15, ·K 1.6] ÿÀ�m X ´1��ê���=� X äkr Pyt-

keev 5�Ú�ê fan-tightness.

Ún 2.1.7 [43, ·K2.3] äk�ê cn A���mk�ê tightness.

1984 c, G. Gruenhage!E.A. Michael Ú Y. Tanaka y²
eã(J.

Ún 2.1.8 [51, íØ 3.6] äk:�ê k �ä�1��ê�K�mk:�êÄ.
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dþãÚn, ��eãíØ

íØ 2.1.9 ��m X ´äk:�ê strict Pytkeev �ä��K�m. e X k

�ê fan-tightness, K X k:�êÄ

y² Ï� X k:�ê strict Pytkeev �ä, ¤± X kr Pytkeev 5�. dÚ

n 2.1.6 ��, X ´1��ê�. 2d½n 2.1.1 ��, X k:�ê k �ä. u

´, dÚn 2.1.8 � X äk:�êÄ. y..

dÚn 2.1.5 ��, k �m¥� k �ä´ Pytkeev �ä, @o3S��m¥

Q? eã½nw�·�, 3S��m¥·��±������(J.

½n 2.1.10 �ÿÀ�m X ´S��m. e X äk wcs∗ �ä, K X k Pyt-

keev �ä.

y² �8x P ´S��m X � wcs∗ �ä. ?� x ∈ X Ú x �?¿�� O

±9 X ¥± x �à:�f8 A. -

B = (A \ {x}) ∪ (X \O),

Kk x ∈ B \ B. Ï� X ´S��m, ¤± B Ø´S�4�, Ïd�3 B ¥

�S� {xn}n∈N Âñu�: z /∈ B. du X \ O ´48, ¤±Ø�b�¤k�

xn pØ�Ó�Ñ�¹u A. Ï� X \ O ⊂ B, ¤± z ∈ O. qÏ� P ´ X

� wcs∗ �ä, ¤±�3 P ∈ P Ú {xn}n∈N �f� {xni}i∈N 9 m ∈ N ¦�
{xni : i > m} ⊂ P ⊂ O. Ïd P ∩ A ´Ã�8.

¤± P ´ X � Pytkeev �ä. y..

5 2.1.11 ½n 2.1.10 �¥�^�“S��m”ØU~f�“k �m”.

¯¢þ, ��ê8 N � Čech-Stone ;z�m βN ´äk:�ê cs∗ �ä

�;�m, � βN vk:�ê� Pytkeev �ä. Ï� βN Ø¹�²��ÂñS
� [32, íØ 3.6.15], ¤± {{x} : x ∈ βN} Ò´ βN ¥�:�ê cs∗ �ä. 2d

íØ 2.1.4 ��, βN Ø¹k:�ê� Pytkeev �ä.

Ún 2.1.12 � P ´ÿÀ�m X �f8x, K P ´ X � cn �ä��=�

P ´ X ¥��ä�é?¿� x ∈ X Ú x �?¿�� U ±9 X ¥± x �à

:�f8 A, �3 P ∈P Ú z ∈ A \ {x} ÷v {x, z} ⊂ P ⊂ U .
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y² � P ´ X � cn �ä. w,, P ´ X ¥��ä. � x ∈ X, U ´ x �

?¿��, A ´ X ¥?¿± x �à:�f8. Ï�
⋃
{P ∈P : x ∈ P ⊂ U} ´

x ���, ¤±�3

z ∈ (A \ {x}) ∩ (
⋃
{P ∈P : x ∈ P ⊂ U}),

Ïd�3 P ∈ P ¦� {x, z} ⊂ P ⊂ U , =�3 P ∈ P Ú z ∈ A \ {x} ÷v
{x, z} ⊂ P ⊂ U .

,��¡, - U ´ X ¥ x ���, P V =
⋃
{P ∈P : x ∈ P ⊂ U}. e V

Ø´ x���,K x ∈ X \ V . Ï�P ´ X ¥��ä, x ∈ V , Ïd x´ X \V
�à:. dK�^�, �3 P ∈ P Ú z ∈ X \ V ÷v {x, z} ⊂ P ⊂ U , gñ.

Ïd, P ´ X ¥� cn �ä. y..

d cs′ �ä�½ÂÚÚn 2.1.12, �����eãíØ.

íØ 2.1.13 cn �ä´ cs′ �ä.

½n 2.1.14 äk cs′ �ä� Fréchet-Urysohn �mäk cn �ä.

y² �ÿÀ�m X ´ Fréchet-Urysohn �m, P ´ X � cs′ �ä. ?�

x ∈ X 9 x ��� U , -

V =
⋃
{P ∈P : x ∈ P ⊂ U}.

e x /∈ V ◦, K x ∈ X \ V . Ï� X ´ Fréchet-Uryshon �m, ¤±�3 X ¥�

S� {xn}n∈N ⊂ X \V Âñu x. qÏ�P ´ X � cs′ �ä, ¤±�3 m ∈ N
Ú P ∈P ¦� {x, xm} ⊂ P ⊂ U . l
k P ⊂ V � xm ∈ P ∩ (X \ V ), ù�

P ∩ (X \ V ) = ∅ gñ.

¤±, P ´ X � cn �ä. y..

5 2.1.15 (1) �3��äk:�ê k �ä�1��ê�m, ¦ÙØäk:�ê

cn �ä, X~ 2.2.7.

(2) �3��äk:�ê cs∗ �ä�S��m, ¦ÙØäk:�ê cn �ä,

X~ 2.3.12.

(3) �3��äk:�ê cn �ä� Fréchet-Urysohn �m, ¦ÙØäk:

�ê wcs∗ �ä.
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¯¢þ, �3���1��ê��K�ê Fréchet-Urysohn �m S [96,

~2.3]. Ï� S Øäk:�ê� k �ä [68, 5 2.10(4)], ¤±d½n 2.1.1

Ú 2.1.10 ��, S Øäk:�ê� wcs∗ �ä. P S = {sn : n ∈ N}. -
P = {{sn, sm} : n,m ∈ N}, K P ´ S ��ê cs′ �ä. d½n 2.1.14 ��

P ´ S ��ê cn �ä.

ÿÀ�m X ¡� q �m [78, p. 173], XJé X ¥�?¿�: x, Ñ�3

x �m��S� {Un}n∈N ÷v: é?¿ n ∈ N, e xn ∈ Un(x), KS� {xn}n∈N
kà:.

w,, �ê;�m´ M �m, M �m´ q �m.

eã½n 2.1.16U?
 A.V. Arhangel’skǐıÚ A. Bella�eã(J [6,íØ

2]: �K��ê;�m X äk�ê tightness ��=� X k�ê fan-tightness.

½n 2.1.16 � X ´�K q �m. e X k�ê tightness, K X k�ê fan-

tightness.

y² �½ x ∈ X, À� X ¥�S� {An}n∈N ¦Ù÷v x ∈
⋂
n∈NAn. Ø�

b�, é?¿ n ∈ N, ÷v x /∈ An. Ï� X ´ q �m, ¤±�3 x �m+

�� {Un}n∈N ÷v q �m�^�. é?¿� n ∈ N, - Bn = An ∩ Un. w,,

x ∈
⋂
n∈NBn. Ï� X ´ q �m, ¤±é÷v?¿� xn ∈ Bn �S� {xn}n∈N

3 X ¥kà:.

P H = {{xn}n∈N : xn ∈ Bn, n ∈ N}. é?¿� H ∈ H , �S� H 3 X

¥�à:� zH . - S = {zH : H ∈H }.

eyµx ∈ S.

b�Ø¤á, K U = X \ S ´ x �m��. Ï X ´�K�m, ¤±�3 X

�mf8 V ÷v x ∈ V ⊂ V ⊂ U . w,, é?¿� n ∈ ω Ñk V ∩Bn 6= ∅. Ï
d, é?¿� n ∈ ω, ·��±À� zn ∈ Bn ∩ V , KS� C = {zn}n∈N ∈H �

kà: zC . w,, zC ∈ S. �´ zC ∈ V ⊂ U = X \ S, gñ.

Ï� X k�ê tightness, ¤±�3�ê8 M ⊂ S ÷v x ∈ M . -

M = {yn : n ∈ N}, Ké?¿� n ∈ N, �±À�S� Dn = {zn,i}i∈N ∈H ¦Ù

÷v yn = zDn ´S� Dn �à:. é?¿� n ∈ N,P Kn = {z1,n, z2,n, ..., zn,n},
K =

⋃
n∈NKn, Kk Kn ⊂ Bn ⊂ An. � W ´ x �m��, Kk W ∩M 6= ∅.
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Ïd�3 n ∈ N ¦� yn ∈ W ∩M . qÏ� yn ´ Dn �à:, K�3 m > n ÷

v zn,m ∈ W ∩Km. ù`² W ∩K 6= ∅. l
k x ∈ K =
⋃
n∈NKn. ¤± X k

�ê fan-tightness. y..

d½n 2.1.16 ÚÚn 2.1.6 ��eã(J.

íØ 2.1.17 � X ´�K� q �m, K X äkr Pytkeev 5���=� X ´

1��ê�m.

�m X 3: x � cn A� [32] ½Â�

cnχ(X, x) = min{|P| : P ´�m X 3: x � cn �ä}.

�m X � cn A� [32] ½Â�

cnχ(X) = sup{cnχ(X, x) : x ∈ X}.

´�y,äkr Pytkeev5���mk�ê cnA�,¤±díØ 2.1.17,·

�keã¯K.

¯K 2.1.18 � X ´�K� q �m, e X äk�ê cn A�, K X ´1��

ê�mí?

§2.2 CX5�

��!·�Ì�?Øäk cn �ä½ strict Pytkeev �ä��m�CX5

�, ¿y²
äk:�ê cn �ä��m´æ Lindelöf � D �m, d(J�½

/£�
¯K 0.0.4, ±9Ü©£�
¯K 0.0.5. �!���
�
'uäkÛ

Ü�ê (strict) Pytkeev �ä (½ cn �ä) ��m�(J.

ÿÀ�m X ¡�æ Lindelöf �m [24, p. 370], e X �?¿mCXÑk

:�ê�m\[CX. ÿÀ�m X ¡�¢Dæ Lindelöf �m, e X �?¿f

�m´æ Lindelöf �m.

G. Gruenhage, E.A. MichaelÚ Y. Tanaka [51,·K 8.6]y²
äk:�ê

k �ä��K Fréchet-Urysohn�m´æ Lindelöf�m. dÚn 2.1.5� k �m

¥� k �ä´ Pytkeev �ä, ¤±eã½n 2.2.1 í2
 G. Gruenhage!E.A.

Michael Ú Y. Tanaka �(J.
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½n 2.2.1 äk:�ê cn �ä�ÿÀ�m´¢Dæ Lindelöf �m.

y² �P ´�m X �:�ê cn�ä. ´y,:�ê cn�ääk¢D5. Ï

d·��I�y² X ´æ Lindelöf �m=�.

� U = {Uα}α<γ ´ X �?�mCX, Ù¥ γ ´ûS8. é?¿� α < γ,

-

Vα =
(⋃
{P ∈P : P ⊂ Uα, P 6⊂ Uβ if β < α}

)◦
.

w,, Vα ⊂ Uα.

eyµV = {Vα : α < γ} ´ X ¥�:�êmCX.

é?¿� x ∈ X, P α(x) = min{α < γ : x ∈ Uα}, K x ∈ Uα(x). Ï� P

´ X ¥� cn �ä, ¤±
⋃
{P ∈P : x ∈ P ⊂ Uα(x)} ´ x ���, Kk

{P ∈P : x ∈ P ⊂ Uα(x)} ⊂ {P ∈P : P ⊂ Uα(x), P 6⊂ Uβ if β < α(x)}.

u´k

x ∈
(⋃
{P ∈P : x ∈ P ⊂ Uα(x)}

)◦
⊂
(⋃
{P ∈P : P ⊂ Uα(x), P 6⊂ Uβ if β < α(x)}

)◦
= Vα(x).

Ïd V ´ X ¥�mCX.

ey V ´:�ê�.

beØ´, K�3 x ∈ X 9 γ �Ø�êf8 Γ ÷véuz� α ∈ Γ k

x ∈ Vα. P Px = {P ∈ P : x ∈ P}. ·��±À���8Ü Pα ∈ Px ÷vé

z� β < α Ñk Pα ⊂ Uα � Pα 6⊂ Uβ. Ï� Px ´�ê8, 
 Γ ´Ø�ê8,

·��±b�é?¿� α, β ∈ Γ k Pα = Pβ. �½ØÓ� α, β ∈ Γ , � β < α,

K Uβ ⊃ Pβ = Pα 6⊂ Uβ, gñ. � V ´:�ê�.

nþ¤ã, X ´¢Dæ Lindelöf �m. y..

d½n 2.2.1 Ú½n 2.1.14 ��eãíØ 2.2.2, díØ�½/£�
¯K

0.0.4.

íØ 2.2.2 äk:�ê cs′ �ä� Fréchet-Urysohn �m´¢Dæ Lindelöf �

m.
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dã 1 ��, strict Pytkeev �ä´ cn �ä, ¤±keãíØ 2.2.3.

íØ 2.2.3 äk:�ê strict Pytkeev �ä��m´¢Dæ Lindelöf �m.

íØ 2.2.4 äkd�©f8|¤�:�ê cn �ä��m´�© Lindelöf �m

�ÿÀÚ.

y² �P ´�m X ¥d�©f8�¤�:�ê cn�ä. d½n 2.2.1��,

X ´æ Lindelöf �m. Ï�é?¿� x ∈ X,
⋃
{P ∈P : x ∈ P} ´ x ���,

¤± X ´ÛÜ�©�m. d [51, ·K 8.7], X ´ Lindelöf �m�ÿÀÚ. ´y

ÛÜ�©� Lindelöf �m´�©�.

�, X ´�© Lindelöf �m�ÿÀÚ. y..

� P ´ÿÀ�m X �f8x. P ¡� X �(�ê8x [24, p. 368], e

éuz� Q ∈P§{P ∈P : P ∩Q 6= ∅} ´�ê�. P ¡� X �ÛÜ�ê8

x [24, p. 349], eéuz� x ∈ X, �3 x 3 X ¥�m�� V ¦� V �õ�

P ¥�êõ����. �êõ�ÛÜ�ê8x�¿¡� σ ÛÜ�ê8x.

½n 2.2.5 éuÿÀ�m X, eã^�p��d:

(1) X äkÛÜ�ê� strict Pytkeev �ä.

(2) X äk(�ê� strict Pytkeev �ä.

(3) X äkd�©f8�¤� σ ÛÜ�ê strict Pytkeev �ä.

(4) X ´äk�ê (strict) Pytkeev �ä��m�ÿÀÚ.

y² (1) ⇒ (2). � P ´�m X �ÛÜ�ê strict Pytkeev �ä. é?

¿� x ∈ X, �3 x ��� Vx ÷v Vx �õu P ¥�êõ����. -

P∗ = {P ∈P : P ⊂ Vx, x ∈ X}. w,�� P∗ ´ X �(�ê strict Pytkeev

�ä. y..

(2) ⇒ (3). � P ´�m X �(�ê strict Pytkeev �ä. é?¿�

P ∈P, 8x P|P = {Q ∩ P : Q ∈P} ´ P ��ê�ä, Ïd P ´ X ��

©f8. é?¿� x ∈ X, - U =
⋃
{P ∈P : x ∈ P}, K U ´ x ���. Ï�

P ´(�ê8x, U �õu P ¥�êõ����. Ïd P ´ÛÜ�ê8x.

l
 X kd�©f8�¤� σ ÛÜ�ê strict Pytkeev �ä. y..
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(3)⇒ (4). �8xP ´X ¥d�©f8�¤� σÛÜ�ê strict Pytkeev

�ä. é?¿� P ∈ P, díØ 2.2.3 ��, P ´æ Lindelöf �m, Ïd P

´ Lindelöf �m. qÏ� Lindelöf �m¥�ÛÜ�ê8x´�ê�, K P

´ X �(�ê8x. Ïd P =
⋃
{Pα : α ∈ Λ}, Ù¥ Pα ´�ê��

(
⋃

Pα)∩ (
⋃

Pβ) 6= ∅ ��=� Pα = Pβ [24, Ún 3.10]. é?¿� α ∈ Λ, P

Xα =
⋃

Pα. XJ x ∈ Xα, Kk
⋃
{P ∈P : x ∈ P} ⊂ Xα. ¤± Xα ´ x ��

�. ù`² Xα ´ X ¥�m8. u´·�k X =
⊕

α∈ΛXα. w,, ?¿� Pα

´ Xα ��ê strict Pytkeev�ä. � X ´äk�ê (strict) Pytkeev�ä��

m�ÿÀÚ. y..

(4)⇒ (1). d [11, p. 152]��,äk�ê Pytkeev�ä��mk�ê strict

Pytkeev �ä. Ïd, e X ´äk�ê (strict) Pytkeev �ä��m�ÿÀÚ,

K X kÛÜ�ê� strict Pytkeev �ä. y..

5 2.2.6 ÏL½n 2.2.5 �y²L§��, ½n 2.2.5 ^�¥� strict Pytkeev

�ä�¤ cn �äÓ�¤á.

~ 2.2.7 �3��äk(�ê!ÛÜ�ê9d�©f8�¤� σ lÑ Pytkeev

�ä�1��ê�m, ¦ÙØäk:�ê� cs′ �ä.

y² - S = {(x, y) : x, y ∈ R, y > 0}, L = {(x, 0) : x ∈ R}, X = S ∪ L. P τ ∗

´ X �î¼f�mÿÀ. X D����ÿÀ [101, p. 96]:

τ =
{
τ ∗
}⋃{

{x} ∪ (S ∩ U) : x ∈ L, x ∈ U ∈ τ ∗
}

¡ (X, τ) �����m.

´�y, X ´�©�1��ê�m. �´ X Ø´ Lindelöf �m. Ïd X

Ø´æ Lindelöf �m. díØ 2.2.2, X Øäk:�ê� cs′ �ä.

é x ∈ R2, r > 0, P B(x, r) � x �¥/��. -

P =
{
{p} : p ∈ L

}⋃{
B(q, 1/n) ∩ S : q ∈ Q×Q, n ∈ N

}
.

Ï� L ´ X 4lÑ8, ¤± P ´ X �(�ê!ÛÜ�ê�´d�©f8�

¤� σ lÑ8x.

ey P ´ X ¥� wcs∗ �ä.
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� p ∈ U ∈ τ , {pk}k∈N ´ U ¥Âñu p �S�. Ï� L ´lÑ8, ·

��±b�¤k� pk ∈ S, K'uî¼f�mÿÀ τ ∗ S� {pk}k∈N �Âñu
p. qÏ� {B(q, 1/n) ∩ X : q ∈ Q × Q, n ∈ N} ´ τ ∗ ��êÄ, u´�3

q ∈ Q × Q Ú i,m ∈ N, ¦ {p} ∪ {pk : k ≥ i} ⊂ B(q, 1/m) ∩ X ⊂ U , l


{pk : k ≥ i} ⊂ B(q, 1/m) ∩ S ⊂ U . Ïd, P ´ X ¥� wcs∗ �ä. d½n

2.1.10 ��, P ´ X � Pytkeev �ä. y..

�m (X, τ) ����� ´��¼ê ϕ : X → τ ÷v x ∈ ϕ(x) (∀x ∈ X).

ÿÀ�m X ¡� D �m [29], XJé X �z����� ϕ, �3 X �4lÑ

8 D ¦� {ϕ(d) : d ∈ D} CX X. ÿÀ�m X ¡�¢D D �m, e X �?

¿f�m´ D �m.

2010c, $ûÈy²
eã(J.

Ún 2.2.8 [90, íØ 18] �8x P ´ X �:�ê8x. XJé X �?¿�

4f8 A, �3 x ∈ A\A, ¦�é x �?¿+� U , k P ∈P ÷v x ∈ P ⊂ U

� P ∩ A 6= ∅, K X ´ D �m.

dÚn 2.2.8 ��eã(J.

½n 2.2.9 äk:�ê cn �ä��m´¢D D �m.

y² �{�µ� P ´�m X �:�ê cn �ä. Ï�:�ê cn �ääk¢

D5, ¤±·��I�y² X ´ D �m=�. dÚn 2.1.12 ��, X ÷vÚn

2.2.8 �^�, ¤± X ´¢D D �m.

¯¢þ, ·�3d��Ñ�����y².

�{�: � P ´�m X �:�ê cn �ä. Ï�:�ê cn �ääk¢D

5, ¤±·��I�y² X ´ D �m=�. P ϕ ´ X �����. éuz�

x ∈ X, P {P ∈P : x ∈ P} � (P)x, Ó�-

Px = {P ∈ (P)x : �3 z ∈ X ¦� z ∈ P ⊂ ϕ(z)},

C(x) =
⋃
{c(P ) : P ∈Px},

Ù¥é?¿� P ∈Px, c(P ) = {z ∈ P : P ⊂ ϕ(z)}. r�ê8 Px ûSz. e

¡d��48(½��Sê µ 9�ê8�x {Aα}α<µ, ¿y²
⋃
α<µAα ´ X

¥�4lÑ8.
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� A0 = ∅. éuSê β, b�éuz�Sê α < β ®²½Â
�êf8

Aα ⊂ X, P Oα =
⋃
x∈Aα ϕ(x). XJ

⋃
α<β Oα = X, K8B�¤¿� µ = β. X

J
⋃
α<β Oα 6= X, �Xe�ª½Â Aβ.

�½ zβ ∈ X \
⋃
α<β Oα. - F β

0 = {zβ}. 8B�E X �4O�k�f8�

{F β
n }n∈ω. b½®²½Â
 F β

n . éuz� x ∈ F β
n , -

R(x) =
(
C(x) \

⋃
s∈Fβn

ϕ(s)
)
\
⋃
α<β

Oα, Eβ
n = {x ∈ F β

n : R(x) 6= ∅}.

e Eβ
n = ∅, K- F β

n+1 = F β
n . XJ Eβ

n 6= ∅, Kéuz� x ∈ Eβ
n , du

R(x) 6= ∅, �3 z ∈ R(x) 9 P ∈Px ¦� z ∈ R(x) ∩ c(P ), u´�±-

k(x, n) = min{n, |{P ∈Px : R(x) ∩ c(P ) 6= ∅}|}.

PûS8Px ¥�Ð� k(x, n)�¦� R(x)∩ c(P ) 6= ∅�� P � {Px,i}i≤k(x,n).
éuz� i ≤ k(x, n), �½ z(x, i) ∈ R(x) ∩ c(Px,i). 2-

F β
n+1 = F β

n ∪ {z(x, i) : x ∈ Eβ
n , 1 ≤ i ≤ k(x, n)}.

dd, �¤
S� {F β
n }n∈ω ��E. y3, ½Â Aβ =

⋃
n∈ω F

β
n .

þã��48��EL§L²µ�3Sê µ,±9X ��ê8�x {Aα}α<µ
÷v

⋃
α<µOα = X, Ù¥ Oα =

⋃
x∈Aα ϕ(x). d8� {F β

n }n∈ω ��E, ´�

(1) XJ β ≤ γ < µ � 0 ≤ n < k < ω, K( ⋃
α<β

Oα

)
∩ F γ

n = ∅ and
( ⋃
s∈Fβn

ϕ(s)
)
∩ (F β

k \ F
β
n ) = ∅.

(2) XJ x ∈ Aβ, K C(x) ⊂
⋃
α≤β Oα.

���Iy D =
⋃
α<µAα ´ X �4lÑf8.

� E ´ D �?¿f8. XJ E Ø´ X ¥48, K�3 y ∈ E \ E. P

γ = min{δ < µ : y ∈ Oδ =
⋃
x∈Aδ ϕ(x)}. l
�3 z ∈ Aγ =

⋃
n∈ω F

γ
n ¦�

y ∈ ϕ(z). u´�±À���� m ∈ ω ÷v z ∈ F γ
m � y ∈ ϕ(z). du F γ

m ´k

�8, K ϕ(y) ∩ ϕ(z) \ (F γ
m \ {y}) ´ y ���. qÏ� P ´ X � cn �ä, d

Ún 2.1.12 ��, �3 P ∈P Ú y′ ∈ P ∩ E ¦�

{y, y′} ⊂ P ⊂ ϕ(y) ∩ ϕ(z) \ (F γ
m \ {y}).
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Ïd y′ /∈ F γ
m, P ∈Py′ � y ∈ c(P ) ⊂ C(y′). � γ′ > γ, d (1), k (

⋃
α<γ Oα) ∩

F γ′
n = ∅. du y′ ∈ ϕ(z) ⊂ Oγ, K y′ /∈ Aγ′ . éu?¿� k ∈ ω, e k ≤ m, K

k y′ /∈ F γ
m Ú F γ

k ⊂ F γ
m; e k > m, Ï� y′ ∈ ϕ(z) Ú z ∈ F γ

m, d (1), Kk

y′ /∈ F γ
k \ F γ

m, l
k y′ /∈ F γ
k . Ïd y′ /∈ Aγ. qÏ� y′ ∈ E ⊂ D =

⋃
α<µAα,

¤±�3 β < γ ÷v y′ ∈ Aβ. d (2), C(y′) ⊂
⋃
α≤β Oα. Kk y ∈

⋃
α≤β Oα. ù

� y ∈ Oγ 9 γ ���5�gñ. l
`² D ´ X ¥�4lÑ8.

w,, X =
⋃
d∈D ϕ(x). Ïd, X ´¢D D �m. y..

Ï��ê;� D �m´;�m [23, ·K 1.4], ¤±d½n 2.2.9 ��eã

íØ.

íØ 2.2.10 äk:�ê cn �ä��ê;�m´;�m.

dã 1 ��, strict Pytkeev �ä´ cn �ä, ¤±keãíØ.

íØ 2.2.11 äk:�ê strict Pytkeev �ä��m´¢D D �m.

5 2.2.12 d½n 2.1.10 ��, ¯K 0.0.5 �duäk:�ê Pytkeev �ä�

S��m´Ä´ D �m? ¤±, íØ 2.2.11 Ü©£�
¯K 0.0.5.

½Â 2.2.13 ÿÀ�m X ¡�üN�5�m [54, ½Â 2.1], XJé X �z�

éØ��4f8 (H,K), �¦éAXm8 D(H,K) ÷vµ

(1) H ⊂ D(H,K) ⊂ D(H,K) ⊂ X \K;

(2) X H ⊂ H ′, K ′ ⊂ K, (H ′, K ′) ´Ø���48, K D(H,K) ⊂
D(H ′, K ′).

déA¼ê D ¡� X þ�üN�5�f.

¯¤±�, üN�5� D �m´�;�m [23, ½n 17]. 
díØ 2.2.11

��, äk:�ê strict Pytkeev �ä��5�m´ D �m. d	, e�5� ℵ
�m X ´k �m, K X ´�;�m [37], ¤±e�¯K�JÑ´g,�.

¯K 2.2.14 �5� P �m´�;�mí?
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§2.3 N�5�

��!Ì�?ØäkA½ (strict) Pytkeev �ä�m�N�5�, y²
4

N�Úk����mN��± Pytkeev �ä, ±9�mN��± cn �ä, ¿�

?�Ú/`²
4N��±äk:�ê Pytkeev �ä��m. Ó�, �ÑA�

~f`²,
äkA½ Pytkeev �ä��mØU��
N��±.

½n 2.3.1 4N��±(stric) Pytkeev �ä.

y² � P ´ X � (strict) Pytkeev �ä, f : X → Y ´4N�. ?� Y ¥

�: y 9 Y ¥± y �à:�f8 A. �½ y �m�� O ⊂ Y , e�3 P ∈P

÷v (y ∈)f(P ) ⊂ O � f(P ) ∩ A ´Ã�8, K·K�y.

é?¿� z ∈ A \ {y}, À� xz ∈ f−1(z). P B = {xz : z ∈ A \ {y}},
K f(B) = A \ {y}. Ï� f ´4N�, ¤± y ∈ A \ {y} = f(B), l
�3

x ∈ f−1(y) ∩ B ÷v f(x) = y � x 6∈ B. u´ x ´ B �à:. w,�3 x �

�� V ÷v f(V ) ⊂ O. qÏ� P ´ X � (strict) Pytkeev �ä, ¤±�3

P ∈P ¦� (x ∈)P ⊂ V � P ∩B ´Ã�8. u´k

(y ∈)f(P ) ⊂ f(V ) ⊂ O � f(P ) ∩ A ´Ã�8.

¤± {f(P ) : P ∈P} ´ X � (strict) Pytkeev �ä. y..

�m X �f8x P ¡�ÛÜk�� [24, p. 349], XJéz� x ∈ X, �

3 x ��� U =� P ¥k�õ����.

íØ 2.3.2 ��N��±äk σ ÛÜk� (strict) Pytkeev �ä��m.

y² � f : X → Y ´��N�, 8xP ´ X � σ ÛÜk� (strict) Pytkeev

�ä. d½n 2.3.1 ��, 8x f(P) = {f(P ) : P ∈ P} ´ Y � (strict)

Pytkeev �ä. du��N��±ÛÜk�8x [32, Ún 3.10.11], K f(P) ´

Y ¥� σ ÛÜk�8x. = Y k σ ÛÜk� (strict) Pytkeev �ä. y..

d½n 2.3.1 ��XeíØ.

íØ 2.3.3 �ê��4N��±äk:�ê strict Pytkeev �ä��m.
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y² � f : X → Y ´�ê��4N�, P ´ X � strict Pytkeev �ä. d½

n 2.3.1 ��, {f(P ) : P ∈P} ´ Y � strict Pytkeev �ä. du f ´�ê�

�N�, K {f(P ) : P ∈P} X ¥�:�ê8x, ¤± {f(P ) : P ∈P}´ Y �

:�ê strict Pytkeev �ä. y..

ü 4«m I ¥�Ø�êf8 B ¡� I ¥� Bernstein 8 [32, p. 339],

e B 9 I \B 'uî¼ÿÀ�4f8Ñ´�ê8. � B ´ I¥� Bernstein8,

8x P ´ I Ï~ÿÀþ��êÄ. IB L«8 I D�'u B � Michael ��

ÿÀ [77]: I �f8 G ´ IB �m8��=��3 I 'uî¼ÿÀ�m8 U Ú

B �f8 D ¦� G = U ∪D. N´�y, IB keã5�.

Ún 2.3.4 [67, ~ 2.3.12] � IB ´ Michael ��, C = I \B, Kk

(1) IB ´äk:�êÄ�¢D�;�m.

(2) I \B ´ IB �4�©f8.

(3) é B �?¿Ø�êf8 A, k A * B.

e¡�~ 2.3.5 `²íØ 2.3.3 ¥�^�“ ?¿� f−1(y) ´�ê�” ØU

O��“ ?¿� f−1(y) ´ Lindelöf �”.

~ 2.3.5 4 Lindelöf N�Ø�±äk:�ê strict Pytkeev �ä��m.

y² Pü 4«m [0, 1] � I �D�ÙÏ~ÿÀ, B ´ I ¥� Bernstein 8.

IB L«8 I D��'u B � Michael ��ÿÀ.

P

S1 = {0} ∪ {1/n : n ∈ N}.

-

X = IB × S1, A = IB × {0}, Y = X/A.

K A ´ X �4f�m. - q : X → Y ´g,ûN�, K q ´4N�. dÚn

2.3.4 (1) �, X ´äk:�êÄ��K Lindelöf �m. Y Øäk:�ê cs∗ �

ä [98, ½n 2.4]. ¤±, X äk:�ê strict Pytkeev�ä, �dã 1�� Y v

k:�ê strict Pytkeev �ä. l
`²
4 Lindelöf N�Ø�±äk:�ê

strict Pytkeev �ä��m. y..

¯¤±�, 4N�Ø�±äk:�ê k �ä��m [97, ~ 1], ��N�Ø

�±äk:�ê cs∗ �ä��m [71, ~3.1.20(8)]. @o4N�´Ä�±äk:

�ê Pytkeev �ä��mQ? eã½n�d¯K±�½£�.
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½n 2.3.6 4N��±äk:�ê Pytkeev �ä��m.

y² � P ´ X �:�ê Pytkeev �ä, f : X → Y ´4N�. é?¿�

y ∈ Y , À� xy ∈ f−1(y). P Q = {xy : y ∈ Y }. - Q = {f(P ∩Q) : P ∈P}.
XJ�3 P ∈P ¦� y ∈ f(P ∩Q), K f−1(y) ∩ P ∩Q 6= ∅, = xy ∈ P . Ï�

P ´ X ¥�:�ê8x, 8x Q 3 Y ¥�´:�ê�. Ïd�Iy8x Q

´ Y � Pytkeev �ä.

?� Y ¥± y ∈ Y �à:�f8 A 9 y �?�m�� O ÷v y ∈
O ⊂ Y . P B = {xz : z ∈ A \ {y}}. d½n 2.3.1 �y²L§��, �3

x ∈ f−1(y)∩ (B \B)9 x ��� V ¦� f(V ) ⊂ O. Ï�P ´ X � Pytkeev

�ä, ¤±�3 P ∈P ¦� P ⊂ V � P ∩B ´Ã�8. l
k

f(P ∩Q) ⊂ f(P ) ⊂ f(V ) ⊂ O

�

f(P ∩B) ∩ A ⊂ f(P ∩Q) ∩ A ´Ã�8.

u´ Q ´ Y � Pytkeev �ä. y..

1994 c, �ÆÚ Y. Tanaka [69] y²
: 4N��±äk:�ê k �ä�

k �m. ¯¢þ, |^�!¤0�� Pytkeev �ä, Ó��±��d(J, �e

ãíØ.

íØ 2.3.7 [69, ½n 5] 4N��±äk:�ê ([ k) k �ä� k �m.

y² � f : X → Y ´4N�, �m X ´äk:�ê k �ä ( [ k �ä) � k

�m. Ï�ûN��± k �m [32, ½n 3.3.23], ¤±�m Y ´ k �m. dÚn

2.1.5 Ú ½n 2.3.6, �m Y k:�ê Pytkeev �ä. d½n 2.1.1 ��, Y äk

:�ê� ([) k �ä. y..

½n 2.3.8 k����mN��± (strict) Pytkeev �ä.

y² �8x P ´ X � (strict) Pytkeev �ä, f : X → Y ´k����mN

�. ?� Y ¥�: y 9 Y ¥± y �à:�f8 A. w,, y ∈ A \ {y}.

äó. f−1(y)
⋂
f−1(A \ {y}) 6= ∅.
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b�Ø¤á, Kk f−1(y) ⊂ X \ f−1(A \ {y}). Ï� f ´�mN�, ¤±k

y ∈ f(X \ f−1(A \ {y}))◦ ⊂ Y \ A \ {y}, gñ.

�½ x ∈ f−1(y) ∩ f−1(A \ {y}). é y �?¿m�� O ⊂ Y , w,�3

x �m+� V ¦� f(V ) ⊂ O. Ï� P ´ X � (strict) Pytkeev �ä, ¤±

�3 P ∈ P ÷v (x ∈)P ⊂ V Ú P ∩ f−1(A \ {y}) ´Ã�8. qÏ� f ´

k���N�, ¤± f(P ) ∩ (A \ {y}) ´Ã�8� (y ∈)f(P ) ⊂ O. l
`²

{f(P ) : P ∈P} ´ Y � (strict) Pytkeev �ä. y..

dk���N��½Â��,k���N��±:�ê8x,¤±eãíØ

´w,�.

íØ 2.3.9 k����mN��±äk:�ê (strict) Pytkeev �ä��m.

½n 2.3.10 �mN��± cn �ä.

y² �8x P ´ X � cn �ä, f : X → Y ´�mN�. ey f(P) =

{f(P ) : P ∈P} ´ Y ¥� cn �ä.

é?¿� y ∈ Y 9 y �?��� U , P

W =
⋃
{f(P ) ∈ f(P) : y ∈ f(P ) ⊂ U}.

é?¿� x ∈ f−1(y), P

Vx =
⋃
{P ∈P : x ∈ P ⊂ f−1(U)}.

é?¿� x ∈ f−1(y) w,k f(Vx) ⊂ W . Ï� P ´ X � cn �ä, ¤±k

x ∈ V ◦x . u´ f−1(y) ⊂
⋃
x∈f−1(y) V

◦
x . qÏ� f ´�mN�, ¤±k

y ∈ f(
⋃

x∈f−1(y)

V ◦x )◦ ⊂ f(
⋃

x∈f−1(y)

Vx) ⊂ W.

Ïd, W ´ Y ¥ y ���.

u´k f(P) = {f(P ) : P ∈P} ´ Y � cn �ä. y..

�8x P ´�m X �CX, ¡ X 'u P äkfÿÀ, ½¡ X d P

¤(½ [51, p. 303], XJ X ¥�?¿f8 U ´m (4) ���=�é?¿�

P ∈P, U ∩ P ´ P ¥�m (4) 8.
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Ún 2.3.11 [51, Ún 1.8] � P ´�m X �CX, Z =
⊕

P. - f : Z → X

´g,N�. f ´ûN���=� X 'u P äkfÿÀ.

e¡�~fL², íØ 2.3.9 Ú½n 2.3.10 ¥�^�“�mN�”ØUO�

¤“ûN�”.

~ 2.3.12 k���ûN�Ø�±äk:�ê strict Pytkeev �ä ( cn �ä) �

�m.

y² ½Â

X = I× S1, Y = I× (S1 \ {0}).

D� X eãÿÀ [51, ~ 9.3]: Y �� X �f�mäkî¼ÿÀ. (t, 0) ∈ X �
��Ä�/X

{(t, 0)} ∪
⋃
{V (t, k) : k ≥ n}, n ∈ N,

Ù¥ V (t, k) ´ (t, 1/k) 3f�m I× {1/k} �m��.

-

M = (
⊕
{I× {1/n} : n ∈ N})⊕ (

⊕
{{t} × S1 : t ∈ I}).

@o M ´ÛÜ;��Ýþ�m, Ïd M k:�ê� strict Pytkeev �ä (cn

�ä).

- f : M → X ´g,N�. Ï� X 'u:k�CX {I × {1/n} : n ∈
N}
⋃
{{t} × S1 : t ∈ I} äkfÿÀ, dÚn 2.3.11, f ´k���ûN�.

´�y, X ´�©�K�m. Ï� I× {0} ´ X ´Ø�ê�4lÑf�m,

¤± X Ø´ Lindelöf �m, l
 X Ø´æ Lindelöf �m. díØ 2.2.3 (½n

2.2.1), X vk:�ê� strict Pytkeev �ä (cn �ä).

Ó�, Ï� X ´Ýþ�m�k���ûN�,¤± X ´äk:�ê cs∗ �

ä�S��m [105, Ún 2.2]. y..

eã~ 2.3.13 L², íØ 2.3.9 ¥�^�“k���N�”ØUO�¤“�ê

��N�”.

~ 2.3.13 [107, ~ 1] �ê��mN�Ø�±äk:�ê Pytkeev �ä��m.
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y² � X = {0} ∪ {(n, k) : n, k ∈ N}), p � N þ���4�Èf. ± NN L

«l N � N S��N¼ê�¤�8Ü. é?¿� n,m ∈ N, P

V (n,m) = {(n, k) ∈ N2 : k ≥ m}.

é?¿� F ⊂ N, f ∈ NN, P

H(F, f) =
⋃
{V (n, f(n)) : n ∈ F}.

é?¿� x ∈ X, ½Â X þ�ÿÀ�µe x ∈ X \ {0}, K {x} ´ X ¥m

8; e x = 0, K x ���Ä� Ux = {{0} ∪H(F, f) : F ∈ p, f ∈ NN}.

é?¿� i, k ∈ N, P

Pi,k = {(i,m) ∈ N2 : m ≥ k} 9 P = {Pi,k : i, k ∈ N}.

w,, P ´ 0 :��ê Pytkeev �ä. = X k�ê Pytkeev �ä.

- Y = N∪ {p}, Ù¥ p ∈ βN \N. 8Ü Y D� βN �f�mÿÀ. Ï� Y

3: p ?vk�ê Pytkeev �ä [11, ~ 1.11], ¤±�� Y Øäkr Pytkeev

5�.

½ÂN� f : X → Y Xe: f(0) = p; é?¿� n ∈ N, f({(n, k) : k ∈
N}) = {n}. w,, f ´�ê��N�.

ey f ´mN�.

é?¿� U ∈ τ(X), e 0 /∈ U , Kk f(U) ⊂ N, du N ´lÑ�, ¤±

k f(U) ∈ τ(Y ); e 0 ∈ U , K�3 F = {ni : i ∈ N} ∈ p 9 f ∈ NN ÷v

{0} ∪H(F, f) ⊂ U , ¤± {p} ∪ F ⊂ f(U), u´k f(U) ∈ τ(Y ). Ïd f ´mN

�. y..

Ï���N�´4N�,4N��±äk:�ê Pytkeev�ä��m,¤±

eã¯K�JÑ´ég,�.

¯K 2.3.14 ��N�´Ä�±äk:�ê strict Pytkeev �ä��m?
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1nÙ äk sensor � strict Pytkeev �ä

3þ�Ù, ·�0�
 Pytkeev �ä�Vg, ¿?Ø
Ù�'5�. ¯¢

þ, 2010 c, A.V. Arhangel’skǐı 3��'u Fréchet-Urysohn �mÚÂñ5�

�ïÄ�w¥0�Ú?Ø
 sensitive x [4]. Uì A.V. Arhangel’skǐı �â�,

Pytkeev�äÒ´äk sensitive��ä. 2011c, A.V. Arhangel’skǐı [5]q?�

ÚJÑ
 sensor �Vg, ¿y²
�K�;�m X äk:�êÄ��=� X

´Ýþ�m��m s N� [5, ½n 2.13]. @o, XJ�K�;�m´Ýþ�m

�û s N�, ´Ääk:�êÄQ [67, ¯K 2.2.12]? Ï�Ýþ�m�û s N�

�duäk:�ê cs∗ �ä�S��m [71, íØ 2.7.5], u´k
eã¯K (=

¯K 0.0.7)µ��K�m X ´�;�S��m. XJ X äk:�ê cs∗ �ä,

K X ´Äk:�êÄ?

3�Ù, ·�(Ü Pytkeev �äÚ sensor x�Vg, JÑ
äk sensor �

strict Pytkeev �ä ({¡: sp �ä) ù�EÜVg, �7¯K 0.0.1!̄ K 0.0.6

Ú¯K 0.0.7, XÚ?ØäkA½ sp �ä��m�5�±9§���«2ÂÝ

þ�ma�m�éX, £�½Ü©£��'¯K.

§3.1 sp �ä

3�!, ·�Ì�0� sp �ä�Vg, ?Ø sp �ä� (strict) Pytkeev �

ä!k �ä!cs∗ �ä!wcs∗ �ä��ä�m�'X, ¿Þ~`²3�
A½�

�m¥, ,
�äØU�p=z, Ó��?Ø
�äkA½ sp �ä�m�'�

N�5�.

ÿÀ�m X �f8x S 3 H ⊂ X ¥¡� sensor [5, p. 217], eé H 3

X ¥�?¿m�� O(H) 9 X ¥÷v H ∩ A 6= ∅ �f8 A, Ñ�3 P ∈ S

¦� P ⊂ O(H) � H ∩ A ∩ P 6= ∅.

aq/, S ¡�3: x ? sensor, XJé x��� U 9 X ¥÷v x ∈ A
�f8 A, Ñ�3 P ∈ S ¦� P ⊂ U � x ∈ A ∩ P .

�âþãk' sensor x�½Â, (Üþ�Ù!¥ Pytkeev �ä�Vg, ·

�JÑ
��#�EÜVg.

27
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½Â 3.1.1 ÿÀ�m X �f8x P ¡� X �äk sensor � strict Pyt-

keev �ä ({¡µsp �ä), XJé x ∈ A ∩ U , Ù¥ U ´ X �m8, K�

3 P ∈P ¦� x ∈ P ⊂ U � x ∈ P ∩ A.

�½ x ∈ X, P ¡� X ¥: x ?� sp �ä, XJ P 3: x ?÷vþ

¡J��^�.

5 3.1.2 ·��±¡½Â 3.1.1 ¥�Vg�“strict sensor”, �´·�@�“ä

k sensor � strict Pytkeev �ä” ��b��:. ØL“äk sensor � strict

Pytkeev �ä”ù�¡�k:�, Ø|uÖ�, ¤±·�I��Ñ��{¡. ·�

ég,����±{¡� “sps �ä” ½ö “ssp �ä”. ØL�
{üå�, ·

�À�
 “sp �ä” 5¡� “äk sensor � strict Pytkeev �ä”. �*þ5

`, “sp �ä” �� strict Pytkeev �ä{¡��Ü·�:.

¯¢þ, S.S. Gabriyelyan, J. Ka̧kol 3 [43, ½Â 1.1] Ú\
 cp �ä�V

g. ÿÀ�m X �f8x P ¡� X ¥ x ?� cp �ä, e x ´�á:, K

{x} ∈P; e x Ø´�á:, Ké X ¥?¿÷v x ∈ A \A �f8 A 9 x �

?¿�� U , Ñ�3 P ∈ P ¦� P ∩ A ´Ã�8� x ∈ P ⊂ U . ´y3 T1

�m¥, ÿÀ�m X �f8x P ´ X � strict Pytkeev �ä��=� P ´

X � cp �ä. Ïd, 3 T1 �m¥ strict Pytkeev �ä�±{¡� cp �ä.

nþ�Ä,·��ªÀ�
 “sp�ä”5¡� “äk sensor� strict Pytkeev

�ä”.

w,,ÿÀ�m¥�Ä´ sp�ä¶sp�ä´ strict Pytkeev�ä ( cp�ä).

@o, _·K´Ä¤á? ½ö3�o�¹e_·K¤áQ? deãÚn 3.1.3 �

�, Fréchet-Urysohn �m¥� strict Pytkeev �ä´ sp �ä. d(Jí2


T. Banakh Ú A. Leiderman �(J: Fréchet-Urysohn �m¥� cs∗ �ä´

strict Pytkeev �ä [15, ·K 1.8].

Ún 3.1.3 Fréchet-Urysohn �m¥� cs∗ �ä´ sp �ä.

y² �X ´ Fréchet-Urysohn�m,8xP ´X � cs∗�ä. �½ x ∈ O∩A,

Ù¥ O ´ X ¥�mf8. Ï X ´ Fréchet-Urysohn �m, K�3 A ¥�Â

ñS� {xn}n∈N Âñu x. Ï� P ´ X � cs∗ �ä, ¤±�3 P ∈ P ¦�

{xn}n∈N ¥�,f� {xni}i∈N ªu P � x ∈ P ⊂ U . Ïd x ∈ P ∩ A. u´, 8

x P ´ X � sp �ä. y..
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5 3.1.4 Ún 3.1.3 ¥�^� “cs∗ �ä” ØUO�¤ “Pytkeev �ä”, �~

3.2.8.

eã~ 3.1.6 `²Ún 3.1.3 ¥�^� “Fréchet-Urysohn �m” ØU~f

�“S��m”. �d, ·��I�eãÚn.

Ún 3.1.5 [51, íØ 3.4] äk:�ê k �ä� k �m´S��m.

~ 3.1.6 Arens �m S2.

(1) S2 ´äk�ê strict Pytkeev �ä�S��m.

(2) S2 Øäk�ê sp �ä.

y² -

X = {x} ∪ {xn : n ∈ N} ∪ {xn,m : n,m ∈ N},

Ù¥¤k� xn, xn,m 9 x Ñ´pØ�Ó�. 3 X þD�eãÿÀ¡� Arens

�m [32, ~ 1.6.19]: ¤k� xn,m Ñ´ X ��á:; é?¿� n ∈ N, : xn

���Ä�/X {xn} ∪ {xn,m : m > k}, Ù¥ k ∈ N; : x ���Ä�/X

{x}∪
⋃
n≥k Vn, k ∈ N, Ù¥ Vn ´ xn ��� (1950 c R. Arens �E
ù�m).

Arens �m{P� S2.

´�y, S2 ´äk�ê cs∗ �ä�S��m�Ø´ Fréchet-Urysohn �m

[71, ~ 1.8.6]. Ïd, d½n 2.1.10 �� X äk�ê Pytkeev �ä, = X k�

ê strict Pytkeev �ä [11, p. 152].

ey, X 3: x ?vk�ê sp �ä.

XJk, @o·��� F ´ x ?��ê sp �ä. P

X0 = {xn,m : n,m ∈ N}, F ′ = {F ∈ F : x ∈ F ∩X0}.

e F ∈ F ′, K {n ∈ N : xn,m ∈ F,m ∈ N} ´Ã�8. Ïd, é?¿� F ∈ F ′,

�3 X0 �f8 C ÷vé?¿� n ∈ N,

|C ∩ {xn,m : m ∈ N}| ≤ 1 � |C ∩ F | = 1.

Ï� x ∈ (X \ C) ∩X0 � C ´ X ¥�4f8, ¤±�38 F ∈ F ¦�

x ∈ F ⊂ X \ C � x ∈ F ∩X0,

gñ.

¤±, X 3: x?vk�ê sp�ä, = X Øäkr Pytkeev5�. y..
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~ 3.1.7 �3��;�m X þ� sp �ä, ¦ÙØ´ k �ä.

y² ��m X = [0, ω1], ¿D� X SÿÀ. � P �~ 2.1.3 ¥� Pytkeev �

ä, K�� P Ø´ k �ä.

ey P ´ X � sp �ä.

�½ x ∈ U ∩ A, Ù¥ A ´ X �f8, U ´m8. Ø���5, ·��b

� x = ω1 ∈ A \ A, K�3��Sê α < ω1 ¦� (α, ω1] ⊂ U . Ï� x ´ A �

à:, ¤± A ∩ (α, ω1] ´Ø�ê8. d A ∩ (α, ω1] =
⋃
n<ω A ∩ Pα,n ��, �3

n < ω ¦� A ∩ Pα,n ´Ø�ê8. u´k x ∈ A ∩ Pα,n � x ∈ Pα,n ⊂ U . Ïd,

P ´ X � sp �ä. y..

¯¢þ, äk sp �ä��mÙ���äkûÐ�ÿÀ5�. d sp �ä�

½Â, ´�eã(J.

½n 3.1.8 äk�ê sp �ä��m�?�f�m�äk�ê sp �ä.

½n 3.1.9 � {Xα}α∈A ´�xÿÀ�m, � |A| ≤ ω. XJz��m Xα Ñä

k�ê sp �ä Pα, K
⋃
α∈A Pα ´

⊕
α∈AXα ��ê sp �ä.

þ�Ù,·�?Ø
äk Pytkeev�ä��m�N�5�,y²
k���

��mN��± Pytkeev �ä. ¯¢þ, sp �äÓ�äkûÐ�N�5�.

½n 3.1.10 �mN��± sp �ä.

y² �8x P ´ÿÀ�m X � sp �ä, f : X → Y ´�mN�. �½

y ∈ O ∩ A, Ù¥ A ´ X �f8, O ´m8.

äó. f−1(y) ∩ f−1(A) 6= ∅.

ÄK, Kk f−1(y) ⊂ X \ f−1(A). Ï� f ´�mN�, ¤±

y ∈ [f(X \ f−1(A))]◦ ⊂ Y \ A,

gñ. u´, �3: x ∈ f−1(y) ∩ f−1(A) 9 x ��� V ¦� f(V ) ⊂ O. du

8x P ´ X � sp �ä, ¤±�3 P ∈P ¦�

x ∈ P ⊂ V � x ∈ P ∩ f−1(A).
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u´k

y = f(x) ∈ f(P ∩ f−1(A)) ⊂ f(P ) ∩ A

�

y ∈ f(P ) ⊂ O.

l
k Q = {f(P ) : P ∈P} ´ Y � sp �ä. y..

eãíØ´w,�.

íØ 3.1.11 �mN��±äk�ê sp �ä��m.

5 3.1.12 ûN�Ø�± sp �ä, �~ 3.2.9.

§3.2 äk:�ê sp �ä��m

3�!, ·�Ì�?Øäk:�ê sp �ä��m¤äk�ÿÀ5�, y²


ÿÀ�m X ´äk:�ê sp �ä� k �m��=� X ´Ýþ�m��m

s N�, �`²
äk:�ê sp �ä��K feebly ;�mk:�êÄ, d(J

Ü©£�
¯K 0.0.7.

¯¤±�, äk,
A½:�ê�ä��m�±L«�Ýþ�m�,« s

N� [71]. XeãÚn.

Ún 3.2.1 [71, ½n 2.7.17] ÿÀ�m X äk:�êÄ��=� X ´Ýþ�

m�m s N�.

Ún 3.2.2 [71, íØ 2.7.5] ÿÀ�m X ´äk:�ê cs∗ �ä�S��m�

�=� X ´Ýþ�m�û s N�.

e¡�½n 3.2.4, ·���
äk:�ê sp �ä��m�Ýþ�m��

m s N��m��
'X. �d, ·��I�£��
Vg.

ÿÀ�m X ¡�S�÷ [8, p. 316], XJ X ´r ω ��²�ÂñS��

ÿÀÚ¥���á:b¤�:¤¤�û�m. ��/, S�÷P� Sω. 'u Sω,

keã²;(J.
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Ún 3.2.3 [65, íØ 2.13 Ú 3.9] �ÿÀ�m X ´äk:�ê k �ä� k �

m, @o

(1) X ´ Fréchet-Urysohn �m��=� X Ø¹k4f�mÓ�u S2.

(2) X ´1��ê�m��=� X Ø¹4f�mÓ�u S2 Ú Sω.

½n 3.2.4 éuÿÀ�m X, eã^��p�d:

(1) X ´äk:�ê sp �ä� k �m.

(2) X ´äk:�ê cs∗ �ä� Fréchet-Urysohn �m.

(3) X ´Ýþ�m��m s N�.

y² ®� (2) ⇔ (3) [71, íØ 2.7.5]. dÚn 3.1.3 �� (2) ⇒ (1). Ïd·�

�Iy: (1) ⇒ (2). � X ´äk:�ê sp �ä� k �m. w,, X äk:�

ê� cs∗ �ä. d~ 3.1.6 ��, X Ø¹4f�mÓ�u S2. 2d½n 2.1.1 Ú

Ún 3.2.3(1) ��, X ´ Fréchet-Urysohn �m. y..

c¡·�®²0�L, äk�ê sp �ä��mÙf�mÓ�äk�ê sp

�ä, ±9�ê�äk�ê sp �ä��mÙÿÀÚE,äk�ê sp �ä. ù


5�Ú Pytkeev�ä��,�´äk�ê sp�ä��m´Ääk�ê�¦5

Q? ¯¢þ, e¡�~ 3.2.5 w�·�, k��¦ÑÃ{�±äk�ê sp �ä

��m.

ÿÀ�m X ¡� kω �m [40, p. 111], XJ X 'u,�d;f8|¤�

�ê4CXäkfÿÀ.

w,, kω �m´ k �m.

~ 3.2.5 S�÷ Sω.

(1) Sω ´ Fréchet-Urysohn ℵ0, kω �m.

(2) Sω äk�ê sp �ä.

(3) (Sω)2 Øäk:�ê sp �ä.

y² du Sω ´�©ÛÜ;Ýþ�m�4N�, K´y Sω ´�K� Fréchet-

Urysohn ℵ0, kω �m [71, ~ 1.8.7]. 2díØ 3.1.11 ��, Sω äk�ê sp �

ä.

Ï� Sω ´ kω �m, ¤± (Sω)2 �´ kω �m [40, p. 113], = (Sω)2 ´ k

�m. ®� (Sω)2 Ø´ Fréchet-Urysohn�m [71, ½n 2.5.24(2)]. d½n 3.2.4,

(Sω)2 Øäk:�ê� sp �ä. y..
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½n 3.2.6 �K�m X äk:�êÄ��=� X ´ k �m� X2 k:�ê

sp �ä.

y² 7�5´w,�, ·��Iy²¿©5. � X ´ k �m� X2 k:�ê

� sp �ä. du�m X2 k:�ê� sp �ä, d~ 3.1.6 Ú~ 3.2.5 ��, X

Ø¹4f�mÓ�u S2 Ú Sω. qÏ� X ´äk:�ê sp �ä� k �m, d

Ún 3.2.3 ¥� (2) �� X ´1��ê�m. 2dÚn 2.1.8 ��, X k:�

êÄ. y..

3þ�Ù, ·�y²
k����mN��±äk:�ê Pytkeev �ä�

�m, ¿Þ~`²�ê���mN�Ø�± Pytkeev �ä. @o, �ê���m

N�´Ä�±äk:�ê sp �ä��mQ? deã½n��, äk:�ê sp

�ä��mkX�Ð�N�5�.

½n 3.2.7 �ê����mN��±äk:�ê sp �ä��m.

y² � f : X → Y ´�ê����mN�, 8x P ´ X �:�ê sp �ä.

d½n 3.1.10 ��, {f(P ) : P ∈P} ´ Y � sp �ä. qÏ� f ´�ê��N

�, ¤± {f(P ) : P ∈P} ´ Y ¥�:�ê8x, = {f(P ) : P ∈P} ´ Y �

:�ê sp �ä. y..

3þ�Ù, ·�y²
4N��±äk:�ê Pytkeev �ä��m. @o,

4N�´Ä�±äk:�ê sp�ä��mQ?de¡~f��,�Y´Ä½�.

~ 3.2.8 4N�Ø�±äk:�ê sp �ä��m.

y² � Sω1 ´r ω1 ��²�ÂñS��ÿÀÚ¥���á:Ê¤�:¤¤

�û�m. w,, Sω1 ´Ýþ�m�4N�. Ïd, Sω1 ´äk:�ê k �ä�

Fréchet-Urysohn �m [71, ½n 2.5.8]. u´dÚn 2.1.5 ��, Sω1 äk:�ê

Pytkeev�ä. 
d [71, ~ 1.8.7]�� Sω1 vk:�ê� cs∗ �ä, Ïd Sω1 v

k:�ê sp �ä. w,, Sω1 ´äk:�ê sp �ä�m�4N�. y..

3þ�Ù, ·�y²
k���ûN�Ø�±äk:�ê Pytkeev �ä�

�m. ¯¢þ, k���ûN�Ó�Ø�±äk:�ê sp �ä��m.

~ 3.2.9 k���ûN�Ø�±äk:�ê sp �ä��m.
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y² d~ 2.3.12��,�3��ÛÜ;�Ýþ�mM 9Øäk:�ê Pytkeev

�ä��m X, Ó��3k����ûN� f : M → X. w,, M äk:�ê

� sp �ä, ,
 X Øäk:�ê sp �ä. y..

�m X ¡� feebly ;�m [102, p. 482], XJ X �z�ÛÜk��m8

x´k��.

�m X ¡��;�m [46], XJ X þ�z�¢�ëY¼ê´k.�.

w,, �ê;�m´ feebly ;�m, feebly ;�m´�;�m, 
���K

��;�m´ feebly;�. díØ 2.1.4��, äk:�ê Pytkeev�ä��K

�ê;�mk:�êÄ. @oég,�keã¯K: äk:�ê sp �ä��K

feebly ;�m´Äk:�êÄQ?

Ún 3.2.10 �ÿÀ�m X ´ feebly ;��K�m. e X 3: x ∈ X ?k�
ê sp �ä, K X 3: x ?k�êÛÜÄ.

y² �½ x ∈ X. � Px ´ x 3 X ¥��ê sp �ä. -

Bx = {
⋃

P ′ : P ′ ∈ [Px]
<ω},

K Bx ´�ê�.

ey {B ∈ Bx : x ∈ B◦} ´ x 3 X ¥�ÛÜÄ.

À� x �?��� V . P

Q = {P ⊂ V : P ∈Px} = {Qn : n ∈ N}.

éuz� n ∈ N, - Bn =
⋃
{Qi : i ≤ n}. @o x ∈ Qn ⊂ Bn ⊂ V � Bn ∈ Bx.

- An = X \Bn, K An ´ X �m8. 2-

S = {s ∈ X :�3 X m8� Ws = {Wi}i∈N ÷v:

Ws 3 s Ø´ÛÜk��, �z�Wi ⊂ Ai, s /∈ Wi}.

äó1. e x ∈
⋂
n∈NAn, K x ∈ S.

� O´: x�m��.dX ��K5,�3 x�m�� G¦� x ∈ G ⊂ O.

Ï� X 3 x ?k�ê sp �ä, ¤± X 3 x ?k�ê tightness [43, ·K 2.3].

éu?¿� n ∈ N, du x ∈ An, ��3�ê8 Dn ⊂ An ¦� x ∈ Dn. Ï
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� x 6∈ An, ¤± Dn ´Ã�8. P Dn = {dn,i : i ∈ N}. qÏ� An ´m8,

u´·��±À�Ñ X �m8� {Wn,i}i∈N ¦�éz� i ∈ N k x /∈ Wn,i �

dn,i ∈ Wn,i ⊂ An, Kk x ∈
⋃
i∈NWn,i. Ïd�3 i(n) ∈ N ¦� G∩Wn,i(n) 6= ∅.

du X ´ feebly ;�, ¤±�3 s ∈ X ¦�m8x {G ∩Wn,i(n)}n∈N 3: s

?Ø´ÛÜk��. u´k s ∈ S ∩G ⊂ S ∩O. l
��, x ∈ S.

äó2. �3 n ∈ N ¦� x ∈ B◦n.

b�Ø¤á, Kk x ∈
⋂
n∈NAn. däó 1, x ∈ S. Ï� X 3: x ?k�

ê tightness, ¤±�38Ü {sn : n ∈ N} ⊂ S ¦� x ∈ {sn : n ∈ N}. é?¿�
n ∈ N, Ï� sn ∈ S , ¤±�3 X ¥�m8� Hn = {Hn,i}i∈N ¦� Hn 3:

sn ?Ø´ÛÜk��, �z� Hn,i ⊂ Ai, x /∈ Hn,i. P

H =
⋃
{Hn,i : n, i ∈ N, n ≤ i}.

� U ´: x 3 X ¥�?�m��, K�3 sn ∈ U . Ï�8x Hn 3: sn ?

Ø´ÛÜk��, ¤±�3 k ≥ n ¦� U ∩ Hn,k 6= ∅ 9 U ∩ H 6= ∅. u´k

x ∈ H. du8x Px ´: x � sp �ä, K�3 i ∈ N ¦� x ∈ Qi ∩H. qÏ

�é?¿� j ≥ i, Ñk

Bi ∩Hn,j ⊂ Bi ∩ Ai = ∅,

¤±

x ∈ Bi ∩H ⊂
⋃
{Hn,j : n ≤ j < i},

gñ.

nþ¤ã, {B ∈ Bx : x ∈ B◦} Ò´: x ��êÛÜÄ. y..

dÚn 3.2.10 ÚÚn 3.1.5 ��eã(J.

½n 3.2.11 ��K�m X ´ feebly ;�m. XJ X äk:�ê� sp �ä,

K X äk:�êÄ.

d½n 3.2.4 Ú½n 3.2.11 ��eãíØ.

íØ 3.2.12 [5] XJN� f : X → Y ´Ýþ�m X ��K feebly ;�m Y

��m s N�, K�m Y k:�êÄ.
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Ún 3.2.13 �ÿÀ�m X ´�©��K�m. XJ�m X äk:�ê sp �

ä, K X ´ ℵ0 �m.

y² �P ´�m X �:�ê sp�ä. d X ��K5,XJ x ∈ U ∩A,Ù¥

U ´m8, A ´ X �f8, K�3 P ∈P ¦� x ∈ P ⊂ P ⊂ U � x ∈ P ∩ A.

� D ´�m X ��êÈ�f8, P R = {P : P ∈P, P ∩D 6= ∅}.

eyµ8x R ´�m X � k �ä.

é X ¥?¿mf8 U , P RU = {R ∈ R : R ⊂ U}, Kk RU CX U . ¯

¢þ, é?¿� x ∈ U , Ñk x ∈ D, ¤±�38Ü P ∈P ¦� x ∈ P ⊂ U �

x ∈ P ∩D. Ïd, x ∈ P ∈ RU .

éu X �?¿mf8 U 9;f8 K ⊂ U . P RU � {Ri : i ∈ N},K K �

RU ¥�k���CX. beØ´, ·��±8BÀ�Ñ X ¥�S� {xn}n∈N
÷v xn ∈ K \

⋃
i≤nRi. d½n 3.2.11 ��, K ´1��ê�, ¤± K ´S�

;�, ÏdS� {xn}n∈N 3 K ¥kÂñf� {xnk}k∈N � {xnk}k∈N Âñu:
x ∈ K. qÏ� RU CX K, Kk x ∈

⋃
i≤n1

Ri. é?¿� k ∈ N, du

xnk ∈ D ∩ (U \
⋃
i≤nk

Ri),

K�3 Pk ∈P ¦�

xnk ∈ Pk ⊂ U \
⋃
i≤nk

Ri

�

xnk ∈ D ∩ Pk.

l
é?¿� k ∈ N, k x ∈ D ∩
⋃
k∈N Pk � x /∈ Pk. du x ∈ U , K�3

P ∈P ¦� x ∈ P ⊂ U � x ∈ P ∩D ∩
⋃
k∈N Pk. u´ P ∈ RU , K�3 i0 ∈ N

k P = Ri0 . u´, � k ≥ i0 �, k

Pk ⊂ X \
⋃
i≤nk

Ri ⊂ X \Ri0 = X \ P ,

= P ∩ Pk = ∅. Ïd,

x ∈ P ∩
⋃
k<i0

Pk ⊂
⋃
k<i0

Pk,

gñ. l
`²
 K � RU ¥k���CX. =8x R ´�m X ��ê k �

ä, X ´ ℵ0 �m. y..
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½n 3.2.14 ��K�m X äk�©f8|¤�:�ê sp �ä, K X �±L

«� ℵ0 �m�ÿÀÚ.

y² � P ´ X �:�ê sp �ä, Ù¥?¿� P ∈ P, P ´ X ��

©f8. d½n 2.2.1 ��, X ´æ Lindelöf �m. é?¿� x ∈ X, 8Ü⋃
{P ∈ P : x ∈ P} ´ x ���. ÄKk x ∈ X \

⋃
{P ∈P : x ∈ P}, K�3

P0 ∈ P ¦� x ∈ P0 � x ∈ P0 ∩ (X \
⋃
{P ∈P : x ∈ P}), gñ. Ïd X ´

ÛÜ�©�m. d [51, ·K 8.7], X ´ Lindelöf �m�ÿÀÚ. qÏ�ÛÜ�

©� Lindelöf �m´�©�, ¤± X ´�©�m�ÿÀÚ, KdÚn 3.2.13, X

´ ℵ0 �m�ÿÀÚ. y..

�7Ún 3.2.13, JÑe�¯K´g,�.

¯K 3.2.15 äk:�ê sp �ä� ℵ0 �m´ P0 �mí?

¯K 3.2.16 Noräk:�ê sp �ä��m�x�Ýþ�m�,«N�?

§3.3 äk σ 4��± sp �ä��m

3�!, ·�Ì�?Øäk σ 4��± sp �ä�m�5�, y²
ÿÀ�

m X ´��m��=� X ´äk σ 4��± sp �ä��K�m, ±9äk

σ ÛÜk� sp �ä��K�mäk σ lÑ sp �ä.

� P ´ÿÀ�m X �f8x. P ¡� X �4��±8x [24, p. 350],

eéz� P ′ ⊂P Ñk
⋃
{P : P ∈P ′} =

⋃
{P : P ∈P ′}.

P ¡� X �lÑ8x [24, p. 349], eéuz� x ∈ X, �3 x 3 X �m

�� U ¦� U �õ� P ¥�����.

´�, lÑ8x´ÛÜk�8x, ÛÜk�8x´4��±8x; pØ��

�4��±48x´lÑ�.

£��
kA½� σ 4��±8x¤½Â��m.

ÿÀ�m X ¡� M1 �m [28, ½Â 1.1], e X ´äk σ 4��±Ä�

�K�m.
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8x B ¡�ÿÀ�m X � [Ä [28, p. 105], eé?¿� x ∈ X 9 x �

�� U , Ñ�38Ü B ∈ B ¦� x ∈ B◦ ⊂ B ⊂ U . ÿÀ�m X ¡� M2 �

m [28, ½Â 1.2], e X ´äk σ 4��±[Ä��K�m.

�k X �8é (P1, P2) ¤¤�x P = {(P1, P2)}, ùp P1 ´m8�

P1 ⊂ P2, ¡P ´ X � éÄ [28, p. 106], XJéz� x ∈ X 9 x �m�� U ,

�3 (P1, P2) ∈ P ¦� x ∈ P1 ⊂ P2 ⊂ U . éx P ¡� =G� [24, p. 352],

XJé?¿� P ′ ⊂P,⋃
{P1 : (P1, P2) ∈P ′} ⊂

⋃
{P2 : (P1, P2) ∈P ′}.

ÿÀ�m X ¡� M3 �m [28, ½Â 1.3], e X äk σ =GéÄ.

ÿÀ�m X ¡� σ �m [49, ½Â 4.3], e X äk σ 4��± (�du σ

lÑ) �ä [49, ½n 4.11]. w,k [49]

Ýþ�m⇒M1 �m⇒M2 �m

⇒M3 �m⇒�; σ �m.

G. Gruenhage [48] Ú H.J.K. Junnila [57] ©OÕá�y²
 M3 �m´ M2 �

m. ¯K “M2 �m´Ä´ M1 �m?” ´��ÿÀÆ¥�(J�²;¯K��

[50]. ,��¡, C.R. Borges Ú\��m�Vg¿y²
��m�du M3 �

m [22, ½n 7.2].

½Â 3.3.1 ÿÀ�m X ¡����m [71, ½Â 1.4.3], XJ�3¼ê G :

N× τ → τ c ÷v:

(1) F ∈ τ ⇒ F =
⋃
n∈NG(n, F );

(2) F ⊂ K ⇒ G(n, F ) ⊂ G(n,K).

e��,

(3) F =
⋃
n∈NG(n, F )◦,

K¡ X ´��m [22, ½Â 1.1].

¯¤±�, ��m´ σ �m, σ �m´���m [49, ½n 5.9].

Ún 3.3.2 éuÿÀ�m X, eã^��p�d:

(1) X ´��m.

(2) X ´äk σ 4��±[Ä��K�m [48, 57].

(3) X ´üN�5����m [54, ½n 2.5].
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|^ sp �ä, ·���
��m��«#��x�ª, d(JÜ©£�


¯K 0.0.6.

½n 3.3.3 ÿÀ�m X ´��m��=� X ´äk σ 4��± sp �ä��

K�m.

y² ´y[Ä´ sp �ä. Ïd, dÚn 3.3.2 ��, ��m´äk σ 4��±

sp �ä��K�m.

,��¡, � X ´äk σ 4��± sp �ä��K�m. � F =
⋃
n∈N Fn

´�m X � σ 4��± sp�ä,Ù¥z� Fn ´4��±�. d X ��K5,

Ø�b� Fn ¥��Ñ´ X ¥�4f8. w,, X ´���m. dÚn 3.3.2,

·��Iy X ´üN�5�m=�.

é�m X ¥?¿pØ���48é (H,K), -

D(H,K) = (
⋃
n∈N

Un)◦,

Ù¥

Un =
⋃
{F ∈

⋃
i≤n

Fn : F ∩K = ∅} \
⋃
{F ∈

⋃
i≤n

Fn : F ∩H = ∅}.

ey D ´ X þ�üN�5�f. w,, e H ⊂ H ′, K ′ ⊂ K, � H ′, K ′ ´ X

¥Ø���48, Kk D(H,K) ⊂ D(H ′, K ′).

ey H ⊂ D(H,K).

XeØ,, K�3 x ∈ H \ D(H,K), l
k x ∈ X \
⋃
i∈N Ui ∩ H. du

x ∈ X \K, ¤±�3 P ∈ F ¦� x ∈ P ⊂ X \K � x ∈ P ∩ (X \
⋃
i∈N Ui),

K�3 k ∈ N, ¦� P ∈ Fk. Ï� x ∈ H, ¤±

X \
⋃
{F ∈

⋃
i≤k

Fi : F ∩H = ∅}

´: x �m��, u´k

(X \
⋃
{F ∈

⋃
i≤k

Fi : F ∩H = ∅}) ∩ P ∩ (X \
⋃
i∈N

Ui) 6= ∅.

qÏ�

P \
⋃
{F ∈

⋃
i≤k

Fi : F ∩H = ∅} ⊂ Uk,
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¤±

Uk ∩ (X \
⋃
i∈N

Ui) 6= ∅,

gñ. Ïd, H ⊂ D(H,K).

ey D(H,K) ⊂ X \K. b��3 x ∈ D(H,K)∩K,K x ∈ X \H. Ï�F

´ X � sp �ä, ¤±�3 Q ∈ F ¦� x ∈ Q ⊂ X \H � x ∈ Q ∩D(H,K).

Ïd, ·��±À� m ∈ N ¦� Q ∈ Fm, ù� Q ∩ Uk = ∅, é?¿� k ≥ m.

l
k

x ∈ Q ∩
⋃
i<m

Ui ⊂
⋃
i<m

Ui =
⋃
i<m

Ui.

u´, �3 i0 < m ÷v

x ∈ Ui0 ⊂
⋃
{F ∈

⋃
i≤i0

Fi : F ∩K = ∅} ⊂ X \K,

gñ. � D(H,K) ⊂ X \K. ¤±, X ´üN�5�m. l
 X ´��m. y

..

5 3.3.4 (1) d½n 3.3.3 ÚÚn 3.3.2 ��äk σ 4��± sp �ä��K

�m X ´�;�m, Ïd X ´8��5�m [24, p. 352].

(2) �3��äk σ ÛÜk� Pytkeev �ä (k �ä) ���5��KS

��m [37, ~ 3.3].

(3) 3ê¶ún9Ä½ëYÚb�e, �3 k �m´ ℵ0 �m, �Ø´üN

�5�m, =Ø´��m [37, ~ 3.4].

¯¤±�, �K�m X äk σ ÛÜk�Ä��=� X äk σ lÑÄ [32,

p. 282]. Ó��, �K�m X äk σ ÛÜk� k �ä (cs∗ �ä, wcs∗ �ä)

��=� X äk σ lÑ k �ä [36, ½n 4] (cs∗ �ä, wcs∗ �ä [71, ½n

3.8.4]).

e¡�Ü©, ·�Ì�?Øäk σ ÛÜk� sp �ä��m¤äk�5�,

y²
äk σ ÛÜk� sp�ä��K�mk σ lÑ sp�ä, d(JÜ©£�


¯K 0.0.2.

� P!Q ´ X ¥�f8x. P

P ∧Q = {P ∩Q : P ∈P, Q ∈ Q}.
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8x P ¡� (k�� [24, p. 368], XJ P ¥�z���=� P ¥k�õ

����.

½n 3.3.5 éu�K�m X, eã^��p�d:

(1) X k σ lÑ sp �ä.

(2) X k σ ÛÜk� sp �ä.

y² (1)⇒ (2), w,.

(2)⇒ (1). � X äk σ ÛÜk� sp �ä P = {Pα : α ∈ A}. Ï� X ´

�K�m, ·��±b� P =
⋃
m∈N Pm, Ù¥z� Pm ´'uk��µ4�

ÛÜk�48x.

éz� m ∈ N, d Pm �ÛÜk�5, �3 X �mCX Um ¦� Um �

z��=� Pm �k�����. Ï½n 3.3.3, X ´�;�m, Ïd Um k σ

lÑ�4\[CX {Fβ : β ∈ Bm,n, n ∈ N}, Ù¥éz�n ∈ N, {Fβ : β ∈ Bm,n}
Ñ´lÑ8x. l
��, e β ∈

⋃
n∈NBm,n, K Fβ =� Pm ¥k�����.

d X ��;5,éz�é (m,n) ∈ N2,�3 X ¥pØ���m8x {Wβ :

β ∈ Bm,n} ¦�z� Fβ ⊂ Wβ. -

Cm,n = {(α, β) : Pα ∈Pm, β ∈ Bm,n and Pα ∩ Fβ 6= ∅}.

ey8x {Pα ∩Wβ : (α, β) ∈ Cm,n} ´(k��. ¯¢þ, XJ (Pα ∩Wβ) ∩
(Pγ ∩Wδ) 6= ∅, ùp (α, β), (γ, δ) ∈ Cm,n, Kk Wβ ∩Wδ 6= ∅, β, δ ∈ Bm,n. ,


 {Wβ : β ∈ Bm,n} ¥��´pØ���, ùÒ¦� β = δ. l
 (γ, β) ∈ Cm,n,

Pγ ∩ Fβ 6= ∅. du Fβ =� Pm ¥k�����, Pγ ´Ù¥��, ù`²�k

k�é (γ, δ) ∈ Cm,n ÷v (Pα ∩Wβ) ∩ (Pγ ∩Wδ) 6= ∅.

�½��ê m,n, é?¿� (α, β) ∈ Cm,n 9 i ∈ N, -

S(α, β, i) = Pα ∩
⋃
{Pγ ∈Pi : Pγ ⊂ Wβ},

Kk S(α, β, i) ⊂ Pα ∩Wβ. P

S (m,n, i) = {S(α, β, i) : (α, β) ∈ Cm,n}.

Ï8x {Pα ∩ Wβ : (α, β) ∈ Cm,n} ´(k��, ¤± S (m,n, i) (k�. Ó

�·�5¿� S (m,n, i) ��´ÛÜk�8x Pm

∧
Pi �f8x�¿, Ïd,
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S (m,n, i) ´4��±�. Ï�(k�8x´ σ pØ��8x [24, Ún 3.10],


pØ���4��±48x�lÑ�, ¤±8x S (m,n, i) ´ σ lÑ�.

-

S =
⋃
{S (m,n, i) : m,n, i ∈ N},

K S ´ X ¥� σ lÑ48x. ey S ´ X � sp �ä.

� x ∈ U ∩ Y , Ù¥ U ´m8, Y ´ X �f8. Ï� P ´ X � sp �

ä, ¤±�3 m ∈ N Ú Pα ∈ Pm ¦� x ∈ Pα ∩ Y � x ∈ Pα ⊂ U . qÏ�⋃
n∈N{Fβ : β ∈ Bm,n} = X, ¤±�3 n ∈ N 9 β ∈ Bm,n ¦� x ∈ Fβ. Ïd,

Pα ∩ Fβ 6= ∅, (α, β) ∈ Cm,n. Ï x ∈ Wβ, ¤±�3 i ∈ N 9 Pγ ∈ Pi ¦�

x ∈ Pγ ⊂ Wβ ∩ U � x ∈ Pγ ∩ Pα ∩ Y . l
k

x ∈ S(α, β, i) ∩ Y ⊂ S(α, β, i) ⊂ Pα ⊂ U.

¤±, 8x S ´ X � sp �ä. y..
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2ÂÝþ�mnØ��´��ÿÀÆ¥¹��ïÄ��, Ù¹åÌ�Ny

3)û¯K9ÿÐA^. 2ÂÝþnØ�CX5�nØ¥�Nõ¯KÑ�9:

�êCX�ïÄ, Ù¥k�
¯K�9äk:�êÄ�m�Ýþ�m�;CX

N�,Úå
�1ÿÀÆó�öé:�êCX9�'N�nØ�,�,r?
�

«a.��änØ�Ýþ�mN�nØ�uÐ, l
¦�Nõ`D�(JØä

Zy. AO/, 2015 c�Æ?¾Ñ��;Í5:�êCX�S�CXN�6[67]

o(
ISþ'u:�êCX9�'N�nØ�ïÄ¤J, µã
Æ��uÐ

ª³, Ù¥JÑ��þ¯K¤�T���kd��ïÄ�¢.

3�Ù,·�Ì��7�:�ê5�'�A�¯KÐmïÄ,�E
A�~

f,{z
�
y²,£�½Ü©£�
 T. BanakhÚ L. Zdomsky̌ı [18]9�Æ

Úé�] [68] ¤J��
¯K.

§4.1 äk:�ê cs∗ �ä��m

3��!, ·��E
A�äkeã5��~f: �3Ýþ�m�û s N

� X, ¦ X Øäk�ê�A�; �34N� f : X → Y , Ù¥ X ´äk;�

êÄ��m, Y Ø¹k4f�mÓ�u Sω1 , � f Ø´>� s N�; �3läk

�ê sn �ä�m X �ÿÀ�m Y �S�CXN� f , � f Ø´ 1 S�CX

N�. ù
(J©O£�½Ü©£�
 T. Banakh Ú L. Zdomsky̌ı [18] 9�Æ

Úé�] [68] ¤J��
¯K.

1966 c A.V.Arhangel’skǐı 3¶Í Mappings and spaces ¥JÑ
eã¯

K: �xÝþ�m�û s N�. 1987 c, Y. Tanaka [105] ^äk:�ê cs∗ �ä

�S��m�Ñ
T¯K�Ð�£� (=Ún 3.2.2) : ÿÀ�m X ´äk:�

ê cs∗ �ä�S��m��=� X ´Ýþ�m�û s N�. ù¦��1ÿÀÆ

ó�öéäk cs∗ �ä�S��m�)
ßþ�,�. Ù¥, T. Banakh Ú L.

Zdomsky̌ı 3ê¶úne�E
äkeã5��~f [18, ½n 5]: �3S��

m X ÷v cs∗χ(X) < ψ(X); �3S��m X ÷v sbχ(X) < ψ(X). �
?�

Ú
)äk cs∗ �ä�S��m¤äk�ÿÀ5�, T. Banakh Ú L. Zdomsky̌ı

JÑ
eã¯K (=¯K 0.0.8).

43
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¯K 4.1.1 [18] 3 ZFC e, ´Ä�3S��m X ÷v: sbχ(X) < ψ(X) ½ö

cs∗χ(X) < ψ(X)?

�
£�ù�¯K, ·��I��X�Ún.

Ún 4.1.2 [21] � f : X → Y ´ûN�, X ´S��m. e {yn}n∈N ´ Y

¥�ÂñS�, K�3 X ¥�ÂñS� {xk}k∈N ¦�S� {f(xk)}k∈N ´S�
{yn}n∈N �f�.

dÚn 4.1.2 ´�eã(J.

Ún 4.1.3 � P ´S��m X � cs∗ �ä. XJ f : X → Y ´ûN�, K

8x {f(P ) : P ∈P} ´ Y � cs∗ �ä.

dÚn 3.2.2 ��, Ýþ�m�û s N�´äk:�ê cs∗ �ä�S��

m, ¤±eã~ 4.1.4 Ü©£�
¯K 4.1.1 (=¯K 0.0.8).

~ 4.1.4 �3ÿÀ�m X, ¦Ù´Ýþ�m�û s N�, � X Øäk�ê�

A�.

y² � IB ´ Michael ��, C = I \ B. d~ 2.3.4 (2) ��, C = I \ B ´ IB
�4�©f8. r IB �f8 C ���a, Ù¦�:z�:���a, 3a¤¤

�8þ�±ûÿÀ,�û�m X. P f : IB → X �g,ûN�, {y} = f(C), K

f ´4N�� X ´�5�S��m. du f−1(y) = C ´ IB ��©f8, ¤±

f ´ s N�. = f ´û s N�.

d~ 2.3.4 (1) ��, IB äk:�êÄ. � P ´ IB �:�êÄ. dÚn

4.1.3 ��, 8x {f(P ) : P ∈P} ´ X �:�ê cs∗ �ä. Ïd, cs∗χ(X) = ω.

2dÚn 3.2.2 ��, X ´Ýþ�m�û s N�.

ey: ψ(X) > ω.

¯¢þ, XJ ψ(X) = ω, K�� {y} ´ Y ¥� Gδ 8. Ïd, ·��±b

� {y} =
⋂
n∈N Vn, Ù¥ Vn ´ X ¥m8� V1 = X. u´�- C =

⋂
{Un :

n ∈ N}, Ù¥ Un ´ IB ¥m8� U1 = IB. qdu IB ��55, ·�Ø�b

� Un+1 ⊂ Un. P Pn = Un \ Un+1, Ké?¿� n ∈ N, �� Pn ´48�

IB =
⋃
{Pn : n ∈ N}, u´�3 i ∈ N ¦� Pi ´Ø�ê8. 2d~ 2.3.4 (3) �
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�, Pi ∩ C 6= ∅, �d Pi �½Â�� Pi ∩ C = ∅, gñ. l
k ψ(X) > ℵ0. y
..

N� f : X → Y ¡� subproper [13],XJ�3 X �f8 Z ¦� f(Z) =

Y �é?�3 Y ¥äk;4��8 K, 8 Z ∩ f−1(K)3 X ¥äk;4�. �

m X ¡� k∗ �Ýþ�m [13], e X ´Ýþ�m� subproper N�.

£�Í¶� Hanai-Morita-Stone ½n [32, ½n 4.4.17]. � f : X → Y ´

4N�, Ù¥ X ´Ýþ�m, K Y ´Ýþ�m��=�z� ∂f−1(y) ´;f

8. d½n?�Ú�±í2� [104]: é?¿� y ∈ Y , ∂f−1(y) ´;���=�

Y Ø¹4f�mÓ�u Sω. g,/, ïÄ4N�!>�;N�!>� s N��

N�Ò¤�
ÿÀÆó�öïÄ��:��.�d,�ÆÚé�]y²
eã(

J [68]: � f : X → Y ´4N�, Ù¥ X ´ k∗ �Ýþ� k �m. e Y Ø¹4

f�mÓ�u Sω1 , K f ´>� s N�. Ï� k∗ �Ýþ�mäk;�ê k �ä

[13], ¤±¦�JÑ
eã¯K (=¯K 0.0.9).

¯K 4.1.5 [68] � f : X → Y ´4N�, Ù¥ X ´äk;�ê k �ä� k �

m. XJ Y Ø¹4f�mÓ�u Sω1, @o f ´>� s N�í?

eã~fÄ½/£�
¯K 4.1.5 (=¯K 0.0.9).

~ 4.1.6 �34N� f : X → Y , Ù¥ X ´äk;�êÄ��m, Y Ø¹k4

f�mÓ�u Sω1, � f Ø´>� s N�.

y² -

X = IB × ({0} ∪ {1/n : n ∈ N}) \ {(x, 0) : x ∈ I \B},

Ù¥ IB ´ Michael ��. d~ 2.3.4 (1) ��, X äk:�êÄ.

ey: X k;�êÄ.

� P ´ X �:�êÄ, K ´ X �?�;f8. w,, K ´;Ýþ�. u

´ K ´�©�. � D ´ K ��êÈ�f8, Ké?¿ z ∈ K k z ∈ clK(D).

é X �?¿mf8 U , e U ∩K 6= ∅, K U ∩K ´ K ¥�mf8. u´�3

d ∈ U ∩K ∩D. =é X �?¿m8 U , e U ∩K 6= ∅, K U ∩D 6= ∅. qÏ�
D ´�ê8� P ´ X �:�êÄ, ¤± K =� P ¥�êõ����. =

X äk;�êÄ.
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��m Y ´r X �f8 {(x, 0) : x ∈ B} Ê¤�: y ¤¤�û�m, -

f : X → Y ´g,ûN�. ´�y, f ´4N�, �Ø´>� s N�.

ey�m Y Ø¹k4f�mÓ�u Sω1 .

eØ,, Ï� Y ¥Éu y �:k�ê��Ä, ¤± Y k4f�m {y} ∪
{y(α, n) : α < ω1, n ∈ N} Ó�u Sω1 , Ù¥é?¿� α < ω1, {y(α, n)}n∈N Â
ñu: y. é?¿� α < ω1, dÚn 4.1.2, S� {y(α, n)}n∈N Ñ�3 X ¥

�ÂñfS� {y(α, n(α, i)}i∈N. � xα ´S� {y(α, n(α, i)}i∈N 3 X ¥�Â

ñ:, K xα ∈ B × {0}. qÏ� B ¥�:Ñ´ IB ¥��á:, Ø�b��

n(α, i + 1) < n(α, i) ∈ N �, k y(α, n(α, i)) = (xα, 1/n(α, i)), �é?¿�

α < ω1, xα pØ�Ó. u´�3 m ∈ N ¦� |{α < ω1 : n(α, i) = m}| = ω1. -

A = {p1(xα) : n(α, i) = m}, Ù¥ p1 : X → IB ´ÝKN�. K f(A × {1/m})
´ Y ¥�4lÑf8, Ïd A × {1/m} ´ X ¥�4lÑf8. �´, Ï� A

´ B ¥�Ø�êf8, ¤±dÚn 2.3.4 (3) ��, A Ø´ IB �4f8, gñ.

Ïd, Y Ø¹4f�mÓ�u Sω1 . y..

1971 c, Siwiec [99] Ú\S�CXN��Vg, ¿y²
1��ê�mþ

�mN�´S�CXN�. ÿ+�!�ÆÚôÅr [108]�?�Ú/y²
Ýþ

�mþ�S�CX;N�´ 1 S�CXN� [70]. u´, �ÆÚé�]JÑ


eã¯K (=¯K 0.0.10).

¯K 4.1.7 [68] � f : X → Y ´S�CX>�;N�. XJ�m X ÷ve�

?�^�, f ´ 1 S�CXN�í?

(1) X �?¿;f83 X ¥äk�ê sn �ä.

(2) X �?¿;f83 X ¥äk�ê	 sn �ä.

(3) X k;�ê sn �ä.

eã~f��¯K 4.1.7 (¯K 0.0.10) (2),(3) ±Ä½£�.

~ 4.1.8 �3läk�ê sn �ä�m X �ÿÀ�m Y �S�CXN� f ,

� f Ø´ 1 S�CXN�.

y² �

X = {x} ∪ {xn : n ∈ N} ∪ {x(n, k) : n, k ∈ N}
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Ó�u Arens �m S2, Ù¥é?¿� n ∈ N, S� {xn}n∈N Âñu x �S�

{x(n, k)}k∈N Âñu xn. N´�y, �m X äk�ê sn �ä, � X �?¿;

f8k�ê	 sn �ä.

� Y = {y} ∪ {y(n, k) : n, k ∈ N} Ó�u÷�m Sω, Ù¥é?¿� n ∈ N,

{y(n, k)}k∈N Âñu y. ½Â f : X → Y Xe: f({x} ∪ {xn : n ∈ N}) = {y}; é
?¿� i, j ∈ N, f(x(j, j × i− j + k)) = y(k, i) � k ≤ j. w,, f ´ëY�.

ey: f ´S�CXN�.

é Sω ¥?¿�¹Âñ:�ÂñS� K, �3 n0 ∈ N ¦�

K ⊂ {y} ∪ {y(n, k) : k ∈ N, n ≤ n0}

�

f({xn} ∪ {x(n0, k) : k ∈ N}) = {y} ∪ {y(n, k) : k ∈ N, n ≤ n0}.

K

L = f−1(K) ∩ ({xn} ∪ {x(n0, k) : k ∈ N})

´ {xn} ∪ {x(n0, k) : k ∈ N} �f��k f(L) = K. ¤±, f ´S�CXN�.

ey: f Ø´ 1 S�CXN�.

b� f ´ 1S�CXN�,Ké?¿� y ∈ Y Ñ�3 xy ∈ f−1(y)÷vé?

¿�¹Âñ:�ÂñS� K, Ñ�3�¹Âñ:�ÂñS� L ¦� f(L) = K.

u´�3 n ∈ N ¦� xy = xn. P K = {y} ∪ {y(n+ 1, k) : k ∈ N}, KØ�3Â
ñu xy �S� L ¦� f(L ∪ {xy}) = K, gñ. Ïd, f Ø´ 1 S�CXN�.

y..

§4.2 äk:�ê k �ä��m

k �ä��´2ÂÝþ�mnØ¥�Ø%Vg��, äk:�ê k �ä�

�m���äkûÐ�ÿÀ5�. X, äk:�ê k �ä� k �m´S��m

[51], äk:�ê k �ä�1��ê�K�mk:�êÄ [51]. Ïd, ïÄäk

:�ê k �ä��m, U�Ð��Ï·�n)äk,«A½�ê5��m.

3�!, ·�Ì�?Øäk:�ê k �ä�m�5�, SNdüÜ©|¤,

�´?Ø Arhangel’skǐı Ú A. Bella ���¯K, �´Ú\ p-Pytkeev �ä�V
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g, ¿|^ p-Pytkeev �ä{z
é�]Ú�Æ [27] �½n: “äk:�ê p-k

�ä� totally �ê;�m´�Ýþz�”�y²L§.

3�!�1�Ü©, ·�Ì�y²
éu�ê�äk:�ê k �ä��K

k �m�¦È�m X, Ùf�m Y äk:�êÄ��=� Y äk�ê fan-

tightness. d(Jí2
¾D¸Ú K. Tamano �(J, �´é Arhangel’skǐı Ú

A. Bella ¤J¯K�2g£�.

ÿÀ�m X ¡�r Fréchet-Urysohn �m [99], XJ {An}n∈N ´ X ¥

4~�8�� x ∈
⋂
n∈NAn, Ké?¿� n ∈ N Ñ�3 xn ∈ An ¦�3 X ¥S

� {xn}n∈N Âñu: x.

A. Arhangel’skǐı Ú A. Bella [6] y²
eã²;(J.

Ún 4.2.1 [6] ÿÀ�m X ´r Fréchet-Urysohn �m��=� X ´ Fréchet-

Urysohn �m�äk�ê fan-tightness.

ÿÀ�m X ¡� Lašnev �m, XJ X ´Ýþ�m�4N�.

K. Tamano [103] y²
�êõ� Lašnev �m�¦È�m�r Fréchet-

Urysohn f�m´�Ýþz�. u´, A. Arhangel’skǐı Ú A. Bella [6] JÑ
e

ã¯K.

¯K 4.2.2 � X ´�ê� Lašnev�m�¦È�m, Y ´ X �?¿f�m. e

Y äk�ê fan-tightness, K Y ´Ä�Ýþz?

1997 c, ¾D¸Ú K. Tamano [33] �½/£�
¯K 4.2.2. @o, ´Ä�

±r^�¥� “Lašnev �m”O�¤“Ýþ�m�û s N�”Q? =eã¯K.

¯K 4.2.3 � X ´�ê�Ýþ�m�û s N��¦È�m. XJ X �f�m

Y k�ê fan-tightness, K Y ´Äk:�êÄ?

Ï�Ýþ�m�4N�ÚÝþ�m�û sN�Ñ´äk:�ê k �ä� k

�m [105, ·K 1.8], ¤±�?ØXe�k��¯K.

¯K 4.2.4 � X ´�ê�äk:�ê k �ä� k �m�¦È�m. e X �

f�m Y äk�ê fan-tightness, K Y ´Äk:�êÄ?
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�)ûþã¯K, ·��I�eãÚn.

Ún 4.2.5 [11] ��K�m X äk�ê Pytkeev �ä. e X k�ê fan-

tightness, K X ´�©�Ýþ�m.

eã½n, �Ñ¯K 4.2.4 �Ð�£�©

½n 4.2.6 � {Xn}n∈N ´�xäk:�ê k �ä��K k �m, K¦È�m∏
n∈NXn �?¿äk�ê fan-tightness �f�mäk:�êÄ.

y² � C ´¦È�m
∏

n∈NXn �?�f�m� C k�ê fan-tightness. N

´�y¦È�m
∏

n∈NXn äk:�ê k �ä [51]. dÚn 2.1.5 ��, é?¿

� n ∈ N, �m Xn Ñäk:�ê� Pytkeev �ä. � Pn ´�m Xn �:�

ê Pytkeev �ä.

ey C ´ Fréchet-Urysohn �m.

À� C ¥�f8 A 9 x = (xn)n∈N ∈ C, ¦Ù÷v x ∈ clC(A). Ï� C

k�ê fan tightness, ¤± C k�ê tightness, K�3 A ��êf8 D ¦�

x ∈ clC(D). éu?¿� n ∈ N,- Bn = {xn}∪pn(D),Ù¥ pn :
∏

n∈NXn → Xn

´ÝKN�. Ï�8xPn ´:�ê�,¤±Pn|Bn ´ Xn �f�m Bn ��ê

Pytkeev�ä. � B = (
∏

n∈NBn)∩C,Kk D ⊂ B 9 x ∈ clC(D)∩B = clB(D).

qÏ��ê Pytkeev�ä'u�ê�¦µ4 [11],¤±´��m Bäk�ê fan-

tightness �äk�ê Pytkeev �ä. l
dÚn 4.2.5 ��, B ´�Ýþz�.

u´�3 D ¥�S� {yn}n∈N 3 B ¥Âñu x. Ïd, S� {yn}n∈N 3 C ¥

Âñu: x. l
, C ´ Fréchet-Urysohn �m. 2dÚn 4.2.1 ��, C ´r

Fréchet-Urysohn �m. qÏ�äk:�ê k �ä�r Fréchet-Urysohn �K�

mk:�êÄ [51], ¤± C k:�êÄ. y..

eãíØ, �Ñ¯K 4.2.3 �Ð�£�©.

íØ 4.2.7 � {Xn}n∈N ´�xÝþ�m�û s N�, Ù¥z� Xn ´�K�

m, K¦È�m
∏

n∈NXn �?¿äk�ê fan-tightness �f�mäk:�ê

Ä.

Ï�Ýþ�m�4N�´äk:�ê k �ä��K Fréchet-Urysohn �m

[38], ¤±keãíØ.
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íØ 4.2.8 [33] � {Xn}n∈N ´�x Lašnev �m, K¦È�m
∏

n∈NXn �?¿

äk�ê fan-tightness �f�m´�Ýþ�.

3�!�1�Ü©, aq p-k �ä�½Â, ·�½Â
 p-Pytkeev �ä�V

g, ¿?Ø
üö�m��p'X, dd{z
é�]Ú�Æ�eã½n: “ä

k:�ê p-k �ä� totally �ê;�m�Ýþz”�y²L§.

½Â 4.2.9 [51] ÿÀ�m X �f8x P ¡� X � ([-)p-k �ä, eé X

�?¿; (�ê;) f8 K 9 y ∈ X \K, Ñ�3 P �k�f8x P ′ ¦�

K ⊂
⋃

P ′ ⊂ X \ {y}.

½Â 4.2.10 ÿÀ�m X �f8x P ¡� X � p-Pytkeev �ä, eé?¿

� x ∈ X, X ¥?¿± x �à:�f8 A 9 y 6= x, �38Ü P ∈ P ¦�

P ∩ A ´Ã�8� P ⊂ X \ {y}.

w,, [ p-k �ä´ p-k �ä.

31�Ù, ·�y²
:�ê� Pytkeev �ä´[ k �ä (�½n 2.1.1),

@o, :�ê� p-Pytkeev �ä´[ p-k �äí? eã½n�±�½£�.

½n 4.2.11 :�ê� p-Pytkeev �ä´[ p-k �ä.

y² �8x P ´�m X �:�ê p-Pytkeev �ä. ey, 8x P ´[ p-k

�ä.

� K ´ X ¥?��ê;f8, y ∈ X \K. Ï� P ´:�ê8x, ¤±é

?¿� x ∈ X, �-

Px = {P ∈P : x ∈ P ⊂ X \ {y}} = {Pn(x) : n ∈ N}.

e P Ø´[ p-k �ä, K�8BÀ�

xn ∈ K \
⋃
{Pi(xj) : i, j < n}.

- A = {xn : n ∈ N},K A´ K ¥�Ã�f8,u´ Akà: x′ ∈ X \{y}. Ï
�P ´�m X �:�ê p-Pytkeev�ä,¤±�3 P ∈P ¦� P ⊂ X \{y}
� P ∩ A ´Ã�8. u´, �À� i, j ∈ N ¦� P = Pi(xj). �´d xn �À�
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��, � k > max{i, j} �, xk /∈ Pi(xj). l
k |A ∩ Pi(xj)| ≤ max{i, j}, ù�
P ∩ A ´Ã�8gñ. ¤±8x P ´�m X �[ p-k �ä. y..

duäk:�ê ([) p-k�ä� (�ê;);�m´�Ýþ� [51, (½n4.1),

½n3.3], ¤±eãíØ´w,�.

íØ 4.2.12 äk:�ê p-Pytkeev �ä��ê;�m´�Ýþz�.

ÿÀ�m X ¡� totally �ê;, e�m X ¥�?¿S�Ñ¹kf�ä

k;4�.

½n 4.2.13 totally �ê;�m�:�ê p-k �ä´ p-Pytkeev �ä.

y² � X ´ totally �ê;�m, 8x P ´ X �:�ê p-k �ä. ey P

´ X � p-Pytkeev �ä.

�½: x ∈ X 9 X ¥± x �à:�f8 A. ?� y 6= x. Ï� X ´

Hausdorff �m, ¤±�3m8 U, V ¦� x ∈ U, y ∈ V � U ∩ V = ∅. P
B = A ∩ U . Kk x ∈ B � B ⊂ X \ {y}. Ï� X ´ totally �ê;�m, ¤±

�3 B �Ã�f8 C ¦� C ´;�. u´k C ⊂ B ⊂ X \ {y}. qÏ� P

´ X � p-k �ä, ¤±�3 P �k�f8x P ′ ¦� K ⊂
⋃

P ′ ⊂ X \ {y}
u´�3 P ∈P ′ ∈P ¦� P ⊂ X \ {y} � P ∩ C ´Ã�8. Ïd, P ´ X

� p-Pytkeev �ä. y..

du totally �ê;�m´�ê;�m, KdíØ 4.2.12 Ú½n 4.2.13 �

�eãíØ, díØ{z
é�]Ú�Æ�eã½n�y².

íØ 4.2.14 [27, ½n2.2] eÿÀ�m X ´äk:�ê p-k �ä� totally �

ê;�m, K X �Ýþz.

§4.3 k'ÿÀ�ê�A�(J

ÿÀ�ê®²¤���ÿÀÆ9ÙA^�#uÐ����.Cc5,·IÆ

ö3ÿÀ�ê¥�
�þ­��ó�, ÙÌ��z��Ò´r2ÂÝþ�mn

ØA^uÿÀ�ê�ïÄ. 2010 c, 4AÚ�Æ3©z [73] ¥Äg²(/�ã

^2ÂÝþ�{ïÄÿÀ�ê�g�, ��IS	Ó1�7ü. ïÄÿÀ�ê
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¥�2ÂÝþ5�,Ø=U\�éÿÀ�êg�(��n),�´üö�m��

uÐ�k�å²��.

3�!,·�Ì�´ïÄÿÀ�ê¥�2ÂÝþ5�,?Øäk spA��ÿ

À�ê(���
ÿÀ5�, y²
?¿�ÿÀ+ X Ñ÷v spnw(X) = d(X)

spχ(X)±9ÿÀ+ X ´�Ýþz���=� X ´äk�ê spA�� k �m,

¿Þ~`²�3äk�ê strict Pytkeev �ä�ÿÀ+ X, ¦Ù´S��m, �

X Ø´ Fréchet-Urysohn�m,d(JÄ½£�
¯K 0.0.11Ú¯K 0.0.12. �

�, ·�|^ÿÀ+�E
��~f, d~f`²3 CH e�3äk:�ê k

�ä��ê;ÿÀ+ X, ¦Ùäk�ê tightness, �Ø�Ýþz, d(JÄ½£

�
¯K 0.0.13.

Äk, ·�Ú\� sp �ä�'�Äê¼ê, ?Ø sp A�3ÿÀ�ê¥�

�
A^, y²
?¿�ÿÀ+ X Ñ÷v spnw(X) = d(X)spχ(X) ±9?¿

��ÿÀ+ X Ñ÷v spnw(X) = nw(X)spχ(X).

£��
ÿÀ�ê�ma.

� G ´ÿÀ�m, Ó��´��+. �m G ¡��ÿÀ+ [10, p. 12], e

G�¦È$� (x, y) 7→ x · y UdÿÀ´©lëY�. �m G¡�[ÿÀ+ [10,

p. 12], e G �g��_$� x 7→ x−1 ´ëY�. �m G ¡��ÿÀ+ [10, p.

12], e G �¦È$� (x, y) 7→ x · y UdÿÀ´éÜëY�. �m G ¡�ÿÀ

+ [10, p. 12], e G Q´�ÿÀ+q´[ÿÀ+.

£��
Äê¼ê�Vg.

�m X ��ä³ [32] ½Â�

nw(X) = min{|P| : P ´�m X ��ä}.

�m X 3: x �A� [32] ½Â�

χ(X, x) = min{|P| : P ´�m X 3: x ���Ä}.

�m X �A� [32] ½Â�

χ(X) = sup{χ(X, x) : x ∈ X}.

aq/, ·�½ÂeãA�#�ÄêØCþ.

�m X � sp �ä³½Â�

spnw(X) = min{|P| : P ´�m X � sp �ä}.
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�m X 3 : x � sp A�½Â�

spχ(X, x) = min{|P| : P ´�m X 3: x � sp �ä}.

�m X � sp A�½Â�

spχ(X) = sup{spχ(X, x) : x ∈ X}.

3�ÿÀ+¥, ·���eã(J.

½n 4.3.1 � X ´�ÿÀ+, K spnw(X) = nw(X)spχ(X).

y² ´y nw(X)spχ(X) ≤ spnw(X).

�Iy spnw(X) ≤ nw(X)spχ(X). �8x P ´�ÿÀ+ X 3ü � e

?� sp�ä�÷v |P| = spχ(X, e). ,�N ´ X ��ä�k |N | = nw(X).

-

Q = {NP : N ∈ N , P ∈P}.

äó. Q ´ X � sp �ä.

�½ x ∈ U ∩ A, Ù¥ U ´m89 A ´ X �f8. e�3 N ∈ N Ú

P ∈ P ¦� x ∈ NP ⊂ U � x ∈ NP ∩ A, K·K�y. Ï� X ´�ÿÀ+,

¤±�3 x ��� Ux Ú e ��� Ue ÷v UxUe ⊂ U . qÏ� N ´ X ��

ä, ¤±�38Ü N ∈ N ¦� x ∈ N ⊂ Ux. Ï� x ∈ A, ¤± e ∈ x−1A, qÏ

� P ´ X 3 e ?� sp �ä, ¤±�38Ü P ∈P ¦�

e ∈ P ⊂ Ue � e ∈ P ∩ x−1A.

u´k

x ∈ NP ⊂ UxUe ⊂ U

�

x ∈ xP ∩ x−1A = xP ∩ A ⊂ NP ∩ A.

Ïd, Q ´ X � sp �ä. du

|Q| ≤ |N ||P| = nw(X)spχ(X, e),

u´k

spnw(X) ≤ nw(X)spχ(X).

nþ¤ã, spnw(X) = nw(X)spχ(X). y..

d½n 4.3.1 ��, eãíØ´w,�.
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íØ 4.3.2 � X ´�©��ÿÀ+. XJ X k�ê sp A�, K X k�ê sp

�ä.

3ÿÀ+¥, ·���eã(J.

½n 4.3.3 � X ´ÿÀ+, K spnw(X) = d(X)spχ(X).

y² ´y d(X)spχ(X) ≤ spnw(X).

�Iy spnw(X) ≤ nw(X)spχ(X). � P ´ÿÀ+ X 3ü � e ?� sp

�ä�÷v |P| = spχ(X, e). Ø���5, Ø�b� P 'uk�¿µ4. À�

X �È�f8 D ¦� |D| = d(X).

-

N = {dPQ : P,Q ∈P, d ∈ D}.

äó. N ´ X � sp �ä.

�½ x ∈ U ∩ A, Ù¥ U ´m89 A ´ X �f8. e�3 d ∈ D Ú

P,Q ∈ P ¦� x ∈ dPQ ⊂ U � x ∈ dPQ ∩ A, K·K�y. Ï� X ´ÿÀ

+, x ∈ U , ¤±�3 x 3 X ¥�m�� Ux Ú e 3 X ¥�m�� Ue ¦�

UxU
2
e ⊂ U .

- P ′ = {P ∈P : e ∈ P ⊂ Ue}, K
⋃

P ′ ´ e 3 X ¥���. ¤±�3

e �m�� We ÷v We ⊂
⋃

P ′. qÏ� X ´ÿÀ+, ¤±�3 x �m��

Wx ¦� Wx ⊂ Ux � W−1
x x ⊂ We.

,��¡, À� d ∈ D ∩Wx, K

d−1x ∈ W−1
x x ⊂ We ⊂

⋃
P ′.

u´�3 P ∈P ′ ¦� d−1x ∈ P . Ïd, x ∈ dP . qÏ� x ∈ A,¤± e ∈ x−1A.

qÏ� P ´ X ¥ e :� sp �ä, ¤±�38Ü Q ∈P ¦�

e ∈ Q ⊂ Ue � e ∈ Q ∩ x−1A.

u´k

x ∈ dPQ ⊂ WxU
2
e ⊂ UxU

2
e ⊂ U

�

x ∈ xQ ∩ x−1A = xQ ∩ A ⊂ dPQ ∩ A.
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u´ N ´ X � sp �ä. Ï�

|N | ≤ |D||P| = d(X)spχ(X, e),

¤±

spnw(X) ≤ d(X)spχ(X).

nþ¤ã, spnw(X) = d(X)spχ(X). y..

d½n 4.3.3 ��, eãíØ´w,�.

íØ 4.3.4 XJÿÀ+ X ´äk�ê sp A���©�m, K X äk�ê sp

�ä.

5 4.3.5 (1) ½n 4.3.1 3[ÿÀ+¥Ø¤á.

�31��ê� cosmic [ÿÀ+ X, � X Ø´ ℵ0 �m [11, ~ 4.11], l


 X Øäk�ê sp �ä.

(2) ½n 4.3.3 3�ÿÀ+¥Ø¤á.

�¢ê8 R, 5½¤k�m«m [a, b), a < b �8x��mÄ, ù����

ÿÀ¡��m«mÿÀ, D±�m«mÿÀ�ê��Ï~¡� Sorgenfrey �

�. Sorgenfrey ��´�²;��ÿÀ+��ÿÀ+�~f�� [10, ~ 1.2.1].

� X ´ Sorgenfrey ��, KN´�y X ´1��ê��©�m, Ïd X k�

ê sp A�. �´ X Ø´ cosmic �m. ù`² X Øäk�ê sp �ä.

3�!1�Ü©, ·�?ØÿÀ+��Ýþ5, y²
ÿÀ+ X ´�Ýþ

z���=� X ´äk�ê sp A�� k�m,¿Þ~`²�3äk�ê strict

Pytkeev �ä�ÿÀ+ X, ¦Ù´S��m, � X Ø´ Fréchet-Urysohn �m,

d(JÄ½£�
¯K 0.0.11 Ú 0.0.12

½n 4.3.6 � X ´���K��;�ÿÀ+, K X ´�Ýþz���=� X

äk�ê sp A�.

y² 7�5w,, ey¿©5.

��m X ´äk�ê sp A�����K��;�ÿÀ+. Ï�äk�ê

tightness ����K��;�ÿÀ+´ÿÀ+ [95, íØ 2.7], ¤± X ´ÿÀ

+. Ï����K��;�m´ feebly ;�, dÚn 3.2.10 ��, X ´1��

ê�. qÏ�1��ê�ÿÀ+´�Ýþz�. Ïd, X �Ýþz. y..

·��I�eãÚn.
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Ún 4.3.7 [18, ½n 1] äk�ê cs∗ A��S�ÿÀ+k:�ê k �ä.

½n 4.3.8 ÿÀ+ X �Ýþz��=� X ´äk�ê sp A�� k �m.

y² ¿©5w,, ey7�5.

b�ÿÀ+ X ´äk�ê sp A�� k �m, K X kr Pytkeev 5�9

�ê cs∗ A�. díØ 2.1.17 ��, X ´S��m. 2d~ 3.1.6, X Ø¹k4

f�mÓ�u S2. Ïd, X Ø¹k4f�mÓ�u Sω [86, Ún 2.1]. dÚn

4.3.7 Ú Ún 3.2.3(2), X ´1��ê�. l
, X �Ýþz. y..

½Â 4.3.9 [10] � X ´ÿÀ+ G �f�m. e

(1) 8 X �ê)¤ G, =µ< X >= G¶

(2) z�ëYN� f : X → H ÑU*Ü�ëYÓ� f̂ : G → H, Ù¥ H

´?�ÿÀ+.

@o, G ¡� X þ� markov gdÿÀ+ ({¡: gdÿÀ+), P�

F (X).

eã~ 4.3.10`²½n 4.3.8¥�^�“sp�ä”ØU~f� “strict Pytkeev

�ä”, d~fÄ½£�
¯K 0.0.11 Ú 0.0.12.

~ 4.3.10 �3äk�ê strict Pytkeev �ä�ÿÀ+ X, ¦Ù´S��m, �

X Ø´ Fréchet-Urysohn �m.

y² � X ´S�÷�m Sω, �~ 3.2.5. Ï� X ´ kω �m, d [10, ½n

7.4.1] ��d X )¤�gdÿÀ+ F (X) E,´ kω �m, ¤± F (X) ´ k �

m. qÏ� X ´ ℵ0 �m, ¤± F (X) ´ ℵ0 �m [9, ½n 4.1]. dÚn 2.1.5

ÚÚn 2.1.8, F (X) ´äk�ê Pytkeev �ä�S��m. Ïd F (X) k�ê

strict Pytkeev �ä. du X ´�lÑ�, ¤± F (X) Ø´1��ê�m [10,

½n 7.1.20]. d½n 4.3.8 9Ún 3.1.3, F (X) Ø´ Fréchet-Urysohn �m. y

..

�!1nÜ©, ·�|^ÿÀ+�E
��~f, d~f`²3 CH e�

3äk:�ê k �ä��ê;ÿÀ+ X, ¦Ùäk�ê tightness, �´Ø�Ý

þz, d(JÄ½£�
¯K 0.0.13.
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G. Gruenhage!E.A. Michael Ú Y. Tanaka 3©z [51] ¥y²
äk:�

ê k �ä�;�m´�Ýþ�, ¿Þ~`²
�3äk:�ê k �ä��ê;

�m X, ¦Ù´Ø�Ýþz�. 3©z [27] ¥, é�]Ú�Æy²
: äk:�

ê k �ä�S�;�m´;�Ýþ�. Ï�S�;�m´�ê;�, ¤±¦�

JÑ
eã¯K (=¯K 0.0.13):

¯K 4.3.11 � X ´äk:�ê k �ä��ê;�m, XJ t(X) ≤ ω, @o

X ´Ä�Ýþ?

�)û¯K 4.3.11 (=¯K0.0.13), ·�I�Ú\eãÚn.

Ún 4.3.12 [31] � G ´¢D�©��5�ê;ÿÀ+. XJ�3 G ¥�;

f8´Ã�8, K G �Ýþz.

¯¢þ, 3 CH e, ¯K 4.3.11 (=¯K 0.0.13) �£�´Ä½�.

~ 4.3.13 (CH) �3äk:�ê k �ä��ê;ÿÀ+ G, ¦Ù÷v t(G) ≤
ω, � G ´Ø�Ýþz�.

y² (CH) � G ´©z [53, ½n 2.2] ¥�¢D�©��5��ê;ÿÀ+,

� G Ø´ Lindelöf �m. Ï� G ´¢D�©�m, ¤±éN´�y t(G) ≤ ω.

qÏ� G Ø´ Lindelöf �m, ¤± G Ø´�Ýþz�. ÏddÚn 4.3.12 �

�, G ¥�?¿;f8´k�8. � P = {{x} : x ∈ G}, K P ´ G �:�ê

k �ä. = G ´äk:�ê k �ä��ê;�m� t(G) ≤ ω, � G ´Ø�Ý

þz�. y..
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§5.1 o(

�Ï±5Ýþ�mnØÑ´��ÿÀÆïÄ�¥%�K, é�Ýþ5�í

2�)
2ÂÝþ�mnØ. ïÄ2ÂÝþ�m, Ø=�±´L��ÿÀÆ�

�m«a, �U�?�Ú/O\éÝþ�m�n). R.E. Hodel [55] �Ñ: k

Nõ�nd`²��o2ÂÝþ�m´��ïÄ�, ½N�­��nd´ù


�maO\
·�éuÝþ�m�n), d	, ÿÀÆ[�Øä/Ï¦�2�

��ma¦��
AO­��(J¤á. X Dugundji *Ü½nÚ Borsuk Ó

Ô*Ü½n, 3ù
�maþ¤á. ¤±, l 20 ­V 60 c�å2ÂÝþ�m

nØ��´��ÿÀÆ¥¹��ïÄ����, Ïm¤���2ÂÝþ�mn

Ø�¤Ò®o(3�
­��ØÍ¥, X A.V.Arhangel’skǐı � “Mappings and

spaces” [3]¶D.K. Burke Ú D.J. Lutzer � “Recent advances in the theory of

generalized metric spaces” [26]; pI¬�5ÿÀ�mØ6[46]; G. Gruenhage

� “Generalized metric spaces” [49]; R.E. Hodel � “A history of generalized

metrizable spaces”[55]; ���÷Ú[�éA�5 ��mØ6[59]; �Æ�5:

�êCX�S�CXN�6[67] Ú52ÂÝþ�m�N�6[66]¶K. Morita Ú

J. Nagata �5Topics in General Topology6[83]; J. Nagata � “Remarks on

metrizability and generalized metric spaces” [85].

ÿÀ(���ê(��(Ü/¤
ÿÀ�ê(�, XÿÀ+!ÿÀ�!ÿÀ

��. +D�Ün�ÿÀU¦�ÿÀØCþu)é��Cz. X, Pontryagin [93]

y²
z� T0 ÿÀ+´���K�; G. Birkhoff [20] Ú S. Kakutani [58] ©O

Õáy²
z�1��ê�ÿÀ+´�Ýþz�. ù¦�ÿÀÆó�öuyä

k�ê(��ÿÀ�mg�äkXéÐ�ÿÀ5�, l
Úå
<�éÿÀ�

ê�ßþ,�, �
k��­��(J�ØäZy. AO/, A.V.Arhangel’skǐı

Ú M. Tkachenko �;Í5Topological Groups and Related Structures6[10] o

(
ISþ'uÿÀ�ê�ïÄ¤J,µã
Æ��uÐª³,Ù¥JÑ��þ

¯K¤�T���kd��ïÄ�¢.

Cc5,·IÆö3ÿÀ�ê¥�
�þ­��ó�,ÙÌ��z��Ò´

r2ÂÝþ�mnØA^uÿÀ�ê�ïÄ. 2010c,4AÚ�Æ3©Ù “Gen-

eralized metric spaces with algebraic structures” [73] ¥Äg²(/�ã^2Â

59
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Ýþ�mnØïÄÿÀ�ê�g�. ��, �4ã�5ÿÀ�ê�2ÂÝþ�

m6[62] Úoø{��5�ÿÀ+Ú�ÿÀ+�eZ;K6 [60] éÿÀ�ê¥

�2ÂÝþ�{�
�?�Ú�0�Úo(. ùÃ¦L²2ÂÝþnØ�ÿÀ

�ê�(ÜØ�¬r?Æ��mKÜ�uÐ, 
�¬-EÑ#�{w»s. Ù

¥'�­��(Jk, P.J. Nyikos [87] y²
f1��ê�ÿÀ+´�Ýþz

�; T. Banakh Ú A. Ravsky y²
1��ê� Hausdorff �ÿÀ+´g�Ý

þ�m [16]. ØJuy, �ê53Ù¥u�X­���^. Ïd, ��ÙØ%|

¤����ä!k �ä!cs∗ �ä!wcs∗ �ä��änØÃ¦¤�
ïÄ��:

��. �
?�Ú/ïÄ�ê5�m�S3�E, T. Banakh 3 2015 cÚ\


(strict) Pytkeev �ä�Vg, ¿y²
�ê� (strict) Pytkeev �ä´ k �ä

(cs∗ �ä), Ó�`²
Ù_3 k �m (Fréchet-Urysohn �m) ¥Ó�¤á [11].

�dÓ�, S.S. Gabriyelyan Ú J. Ka̧kol [43] JÑ
 cp �ä!ck �äÚ cn �

ä�Vg, ¿y²
eÿÀ�m X 3: x ?äk�ê cn �ä, K X 3: x

?äk�ê tightness [43, ·K 2.3]. ��, d�«A½� Pytkeev �ä!cp �

ä!ck �ä9 cn �ä¤½Â�#��m�U�JÑ, ~X P0 �m [11]!P �

m [43]!strict σ �m [43]!strict ℵ �m [43] �. ù
�m32ÂÝþ�m, Ä

ê¼ê, ¼ê�m, ÿÀ+9ÿÀ�þ�m¥Ñ�üX4Ù­���Ú. ùÃ¦

���ÿÀÆ�ïÄ5\
#�¹å.

e¡, �<òlo��¡o(�©�Ì�ó�¿`²8�[ïÄ���.

�©ÀJCc5ÿÀÆó�ö'5� Pytkeev �ä��Ì�ïÄSN. Ä

k, �öXÚ?Ø
äkA½ (strict) Pytkeev �ä��m�Ä�5�, �¹§

��a�ä�m�'X, CX5�, N�5��. Ì�y²
: ÿÀ�m¥�:

�ê Pytkeev �ä´[ k �ä; äk:�ê Pytkeev �ä��m X ´�Ýþ

z���=� X ´ M �m; äk:�ê cn �ä�ÿÀ�m´æ Lindelöf �

D�m; 4N�Úk����mN��± Pytkeev�ä; �mN��± cn�ä;

4N��±äk:�ê Pytkeev �ä��m. Ó�, �ÑA�~f`²,
�

ä3,
�m¥ØU�p=z±9äkA½ Pytkeev�ä��mØU��
N

��±. �´, �k�
�ä�m�'X¿vkt�Ù, X:�ê� Pytkeev �

ä´Ø´ ck �ä. ¤±�<òUYïÄäk,«A½ (strict) Pytkeev �ä�

m�Ä�5�, ?�Ú�(áÙ��a�ä�m�'X, ïÄäk�ê (strict)

Pytkeev �ä½ σ ÛÜk� (strict) Pytkeev �ä��m�N�5�, ïá P0

�m½ö P �m��©Ýþ�m½öÝþ�m��m�N�éX. ù´±�U
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Y��ÄÚïÄ�����.

,�, �ö(Ü sensor xÚ Pytkeev �ä�Vg, Ú\
äk sensor �

strict Pytkeev �ä ({¡: sp �ä) �Vg, XÚ?Ø
äkA½ sp �ä��

m�5�±9§���«2ÂÝþ�ma�m�éX. Ì�y²
: ÿÀ�m

X ´äk:�ê sp�ä� k �m��=� X ´Ýþ�m��m sN�;äk

:�ê sp �ä��K feebly ;�mk:�êÄ; ÿÀ�m X ´��m��=

� X ´äk σ 4��± sp �ä��K�m; äk σ ÛÜk� sp �ä��K

�mäk σ lÑ sp �ä. �´, E,��3éõ¯KvkïÄ�Ù, X: äk

:�ê sp �ä��©�m´Ääk�ê sp �ä. ¤±�<òUYïÄäk,

«A½ sp �ä�m, ?�Ú[zÙ��a�ä�m�'X, ù´±�UY��

ÄÚïÄ�����.

��, �ö3©¥�E
A�äkeã5��~f: �3Ýþ�m�û s

N� X, ¦ X Øäk�ê�A�; �34N� f : X → Y , Ù¥ X ´äk;�

êÄ��m, Y Ø¹k4f�mÓ�u Sω1 , � f Ø´>� s N�; �3däk

�ê sn �ä�m X �ÿÀ�m Y �S�CXN� f , � f Ø´ 1 S�CX

N�. y²
éu�ê�äk:�ê k �ä� k �m�¦È�m X, Ùf�m

Y äk:�êÄ��=� Y äk�ê fan-tightness, Ú\
 p-Pytkeev �ä�

Vg, {z
é�]Ú�Æ [27] �½n: “äk:�ê p-k �ä� totally �ê

;�m´�Ýþz�”�y²L§. ù
(Jéõ�´Ü©£�
�'¯K, ¤

±é¯K�?�ÚïÄ, ù´±�UY��ÄÚïÄ�����.

��, �ö?Ø
 sp A�3ÿÀ�ê¥��
A^, y²
éuÿÀ+ X

k spnw(X) = d(X)spχ(X), ¿`²ÿÀ+ X ´�Ýþ�z��=� X ´ä

k�ê sp A�� k �m, Þ~`²�3äk�ê strict Pytkeev �ä�ÿÀ+

X, ¦Ù´S��m, � X Ø´ Fréchet-Urysohn �m. ��, |^ÿÀ+�E


��~f, d~f`²3 CH e�3äk:�ê k �ä��ê;ÿÀ+ X,

¦Ùäk�ê tightness, �Ø�Ýþz. k' sp �ä3ÿÀ�ê¥�A^�ï

ÄâffåÚ,ù�¡�nØ�Ø¤Ù,Ïdù�´±���ÄÚïÄ����

�.

'u Pytkeev�ä�ïÄff,å, Ù¤J�ØX k �ä!cs�ä9 wcs∗

�ä��ä�ïÄ¤J@�´Lõç. �©=ïÄ
Ù32ÂÝþ�m9ÿÀ

�ê¥�A^, Ì�é¯K 0.0.1-0.0.13 ?1
£�½öÜ©£�, Ù¦�ÿÀ

�m¿�?Ø, X¼ê�m!ÿÀ�þ�m�, w,ù
Ñ´8�Y��ÄÚï
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Ä�����.

§5.2 �
ÿ�)û�¯K

�!ò�Þ�
k' Pytkeev �ä�¯K��Ñ
{ü�µØ.

�©X­?Ø
 Pytkeev�ä���ä�m�'X,¿��
Ü©(J,�

k�
�ä¿vk?Ø, X©z [43] ¥� ck �ä¿vk?Ø, ¤±eã¯KE

,I�?�Ú/ïÄ.

¯K 5.2.1 [43] �
ØÓa.��ä3=
ÿÀ�m¥´���?

E.A. Michael [79] y²
�K�m X ´ ℵ0 �m��=� X ´�©Ýþ

�m�;CXN�; oç©y²
 [61, ½n 4] �K�m X ´ ℵ �m��=�
X ´Ýþ�m�S�CX mssc N�. ¤±ég,/k±e¯K.

¯K 5.2.2 [43, ¯K 6.8] Nor P0 �m½ö P �m�x��©Ýþ�m½

öÝþ�m�,«N�?

�â½ÂN´�yäkr Pytkeev 5���mäk�ê cs∗ A� [106, p.

8], �3��ÿÀ�m¥, _·KØ¤á. Ïd, 3ÿÀ+¥·�keã¯K.

¯K 5.2.3 [44,¯K 8]� X ´äk�ê cs∗ A��ÿÀ+,e X äk Pytkeev

5�, K X ´Äkr Pytkeev 5�?

3gdÿÀ+¥, keã²;(J: e X ´ ℵ0 �m, KgdÿÀ+ F (X)

´ ℵ0 �m [9, ½n 4.1], ¤±ég,/k±e¯K.

¯K 5.2.4 [11, ¯K 3.14] � X ´ (S�) P0 �m, K F (X) ´ P0 �mí?

�?�Ú/, �4ã!A. Ravsky ÚÜ·JÑ
eã¯K.

¯K 5.2.5 [63, ¯K 3.15] � X ´knê8 Q �äkÏ~ÿÀ, K F (X) ´

P0 �mí?
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3¼ê�m¥, E.A. Michael [79] y²
eã²;(J: e�m X, Y ´

ℵ0 �m, K Ck(X, Y ) ´ ℵ0 �m, Ù¥¼ê�m Ck(X, Y ) D�;mÿÀ. L.

Foged [36] ( P. O’Meara [75]) y²
e X ´ (�;) ℵ0 �m, Y ´ ℵ �m, K

Ck(X, Y ) ´ (�;) ℵ �m. T. Banakhy²
e X ´ ℵ0 �m, Y ´ P0 �m,

K Ck(X, Y ) ´ P0 �m. S.S. Gabriyelyan Ú J. Ka̧kol [43] y²
e X ´ ℵ0
�m, Y ´ P �m, K Ck(X, Y ) kr Pytkeev 5�, ¿JÑ
e�¯K.

¯K 5.2.6 [43, ¯K 6.3] � X ´ ℵ0 �m, Y ´ (�;) strict ℵ �m, K

Ck(X, Y ) ´ (�;) strict ℵ �mí?

¯K 5.2.7 [43] � X ´ ℵ0 �m, Y ´ (�;) P �m, K Ck(X, Y ) ´ (�;)

P �mí?

¯K 5.2.8 [44, ¯K 3] � X ´��©�Ýþ�m� Ck(X) äk Pytkeev 5

�, K Ck(X) ´Äkr Pytkeev 5�?

e¡ò�©JÑ��
ÿ�)û�¯K8¥, ø?�ÚïÄ.

¯K 5.2.9 (¯K 0.0.2) � X ´äk σ ÛÜk� (strict) Pytkeev �ä��K

�m, K X ´Äk σ lÑ (strict) Pytkeev �ä?

¯K 5.2.10 (¯K 2.1.18) � X ´�K� q �m, e X äk�ê cn A�, K

X ´1��ê�mí?

¯K 5.2.11 (¯K 2.2.14) �5� P �m´�;�mí?

¯K 5.2.12 (¯K 2.3.14) ��N�´Ä�±äk:�ê strict Pytkeev �ä�

�m?

¯K 5.2.13 (¯K 3.2.15) äk:�ê sp �ä� ℵ0 �m´ P0 �mí?

¯K 5.2.14 (¯K 3.2.16) Noräk:�ê sp �ä��m�x�Ýþ�m

�,«N�?
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[10] A.V. Arhangel’skǐı, M. Tkachenko, Topological Groups and Related Structures

[M], Atlantis Press and World Sci., Atlantis, Paris, 2008.

[11] T. Banakh, P0-spaces [J], Topol. Appl., 2015, 195: 151-173.

[12] T. Banakh, The strong Pytkeev∗ property of topological spaces [J], http://arXiv:

1607.03599v3.

[13] T. Banakh, V. Bogachev, A. Kolesnikov, k∗-metrizable spaces and their applica-

tions [J], J. Math. Sci., 2008, 155 (4): 475–522.

[14] T. Banakh, S.S. Gabriyelyan, On the Ck-stable closure of the class of (separable)

metrizable spaces [J], Monatsh. Math., 2016, 180: 39-643.

65



166� ë�©z

[15] T. Banakh, A. Leiderman, The strong Pytkeev property in topological spaces [J],

Topol. Appl., 2017, 227: 10-29.

[16] T. Banakh, A. Ravsky, On the submetrizability number and i-weight of quasi-

uniform spaces and paratopological groups [J], Topol. Proc., 2016, 47: 221-259.

[17] T. Banakh, A. Ravsky, Each regular paratopological group is completely regular

[J], Proc. Am. Math. Soc., 2017, 145: 1373-1382.

[18] T. Banakh, L. Zdomsky̌ı, The topological structure of (homogeneous) spaces and

groups with countable cs∗-character [J], Appl. Gen. Topol., 2004, 5: 25-48.

[19] R.H. Bing, Metrization of topological spaces [J], Canad. J. Math., 1951, 3: 175-

186.

[20] D.K. Birkhoff, A note on topological groups [J], Comput. Math., 1936, 3: 427-430.

[21] J.R. Boone, F. Siwiec, Sequentially quotient mappings [J], Czech. Math. J., 1976,

(26): 174-182.

[22] C.R. Borges, On stratifiable spaces [J], Pac. J. Math., 1966, 17: 1-16.

[23] C.R. Borges, A.C. Wehrly, A study of D-spaces [J], Topol. Proc., 1991, 16: 7-15.

[24] D.K. Burke, Covering properties [J], in: K. Kunen, J.E. Vaughan (Eds.), Hand-

book of Set-theoretic Topology, North-Holland, Amsterdam, 1984, 347-422

[25] D.K. Burke, Weak-bases and D-spaces [J], Comment. Math. Univ. Carolin., 2007,

48 (2): 281-289.

[26] D.K. Burke, D.J. Lutzer, Recent advances in the theory of generalized metric

spaces [J], in: Topol. Proc. 9th Ann. Spring Topological Conf. ( Memphis State

Univ., 1975), Lecture Notes in Pure and Applied Mathematics, V. 24, Marcel

Dekker Inc., New York, 1976, 1-70.

[27] Z.Y. Cai, S. Lin, Sequentially compact spaces with a point-countable k-network

[J], Topol. Appl., 2015, 193: 162-166.

[28] J.G. Ceder, Some generalizations of metric spaces [J], Pac. J. Math., 1961, 11:

105-125.

[29] E.K. van Douwen, Simultaneous extension of continuous functions [D], Thesis,

Vrije University, Amsterdam, 1975.



167�

[30] E.K. van Douwen, W. Pfeffer, Some properties of the Sorgenfrey line and related

spaces [J], Pac. J. Math., 1979, 81: 371-377.

[31] T. Eisworth, On countably compact spaces satisfying wD hereditarily [J], Pro-

ceeding of the 1999 Topology and Dynamics Conference (Salt Lake City, UT),

1999, 24: 143-151.

[32] R. Engelking, General Topology [M], Heldermann Verlag, Berlin, 1989.

[33] X.F. Feng, K. Tamano. Coutably fan-tight subspaces of a countable product of
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