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glT AP2(Y ) $w'k
S (g� 3.2.2, S3 3.2.5). I `, � X OX5�
Hausdorff k
S7���
S\T\., K8 FP2(X) $w'k
STglT
FP2(X) HRa= e $w'k\ (S3 3.2.3). W'}=M$b [47] J>\��dK.a�'} (a9R) �t�.zT\qk�}I.
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S, ~& FP (X) ? AP (X) $ Fréchet 
S, K8
S X $��\ (S3 4.2.6), WS!$b [68]  5�. (Abel) T\q\w'e3.a9'} (ahR) �t�.zT\q\ MP ^Q�. N'�I��, ZC$"�T\O�\�.zT\q�b�_|OX\KH� (g� 5.1.11). ZC$^k���E Lindelöf ���E�}��cosmic 
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S X . Y $ AP ^Q\, ���`, MP ^Q\, ~& Y$^k\, K8 X �$^k\ (g� 5.2.6), WS!$ M. Graev [29]  5�.T\q\w'e3. t X . Y $ MP ^Q\T\
S, ~& X $�E Lindelöf
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S; ~& X $�E�}
S, K8 Y �$�E�}
S; ~& X $ cosmic 
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S (S3 5.2.12). WTP$ V. Pestov [70]  5�.T\q\w e&.O�, �b�J>$�}dK�m�&�t.?P : �.zT\q; �. Abel zT\q; !#j#
S; w'k�;

Fréchet �; MP ^Q�.

ii



Abstract

A study on some topological properties of free

paratopological groups

Major: Fundamental Mathematics

Graduate Student: Cai Zhangyong Supervisor: Lin Shou

A large open problem, posed by A. Arhangel’skǐı and M. Tkachenko in their

monograph “Topological Groups and Related Structures”, is which results of free

topological groups can be generalized to free paratopological groups [8, Open Prob-

lem 7.4.4]. Around this problem, in this thesis, we mainly study some topological

properties of free paratopological groups, for example, the property of being a σ-

space, semi-stratifiable space or k∗-metrizable space; local compactness; the property

of being a Fréchet space; pseudocompactness, hereditary Lindelöfness, hereditary sep-

arability and the property of being a cosmic space etc, at the same time, improve and

complement many results on free paratopological groups in [23, 46, 47, 72] etc. This

thesis is composed of four parts.

In the first part (Chapter 2), we study a few generalized metric properties of

free paratopological groups. The following results are obtained. Suppose that X is a

submetrizable space. Then X is a Ξ-space if and only if FP (X) is a Ξ-space (Theorem

2.1.6). As an application, it is shown that X is a σ-space if and only if FP (X) is a

σ-space if and only if AP (X) is a σ-space (Corollary 2.1.7); X is a semi-stratifiable

space if and only if FP (X) is a semi-stratifiable space if and only if AP (X) is a

semi-stratifiable space (Corollary 2.1.8). These complement a result in [72], i.e., sub-

metrizability is stable with respect to taking free (Abelian) paratopological groups. If

X is a Hausdorff k∗-metrizable k-space, and FP (X) or AP (X) has countable tight-

ness, then the subspace X ′ consisting of all non-isolated points in X is ω1-compact,

and hence X is an ℵ′
0-space (Theorem 2.2.9). This improves a corresponding result

in [46] about countable tightness of free Abelian paratopological groups over metric

spaces. If X is a regular space, then FP2(X) is first-countable if and only if FP2(X)

is metrizable if and only if X is metrizable and the set of all non-isolated points in X

is finite if and only if AP2(X) is first-countable if and only if AP2(X) is metrizable if

and only if APn(X) is first-countable for every n ∈ N (Theorem 2.4.6).
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In the second part (Chapter 3), we study local compactness of free paratopologi-

cal groups. We directly construct a local base at the identity e in the subspace FP2(X)

of free paraopological group FP (X) on a topological space X by quasi-pseudometrics,

which complements [23, Theorem 3.1], a result of A. Elfard and P. Nickolas. It is shown

that ifX = Y ⊕D is the topological sum of a completely regular space Y and a discrete

space D, then FP2(X) is locally compact if and only if FP2(Y ) is locally compact if

and only if AP2(X) is locally compact if and only if AP2(Y ) is locally compact (The-

orem 3.2.2, Corollary 3.2.5). Especially, if X is homeomorphic to the topological

sum of a compact space and a discrete space, then FP2(X) is locally compact if and

only if FP2(X) is locally compact at the identity e (Corollary 3.2.3). These partially

answer a question in [47].

In the third part (Chapter 4), we study copies of special spaces in free paratopo-

logical groups. It is shown that if X is a completely regular space, and P is a densely

self-embeddable prime space with a q-point, then AP (X) contains a copy of P if and

only if FP (X) contains a copy of P if and only if X contains a copy of P (Corollayr

4.1.7). This generalizes a corresponding result in [19] on free (Abelian) topological

groups. If X is a completely regular space, and FP (X) or AP (X) is a Fréchet space,

then the space X is discrete (Corollary 4.2.6). This generalizes a corresponding result

in [68] on free (Abelian) topological groups.

In the fourth part (Chapter 5), we study MP -equivalence of free paratopological

groups, prove that there exist non-homeomorphic topological spaces X and Y such

that FP (X) and FP (Y ) are topologically isomorphic (Theorem 5.1.11). It is estab-

lished that pseudocompactness, hereditary Lindelöfness, hereditary separability and

the property of being a cosmic space are all MP -invariant. Namely, suppose two com-

pletely regular spaces X and Y are AP -equivalent, more generally, MP -equivalent,

and Y is pseudocompact, then X is also pseudocompact (Theorem 5.2.6), which gen-

eralizes a corresponding result of M. Graev [29] on free topological groups. Let X

and Y be MP -equivalent topological spaces. If X is hereditarily Lindelöf, then so

is Y ; if X is hereditarily separable, then so is Y ; if X is a cosmic space, then so is

Y (Corollary 5.2.12). This extends a corresponding result of V. Pestov [70] on free

topological groups.

At the same time, some interesting questions on free paratopological groups are

posed.

Key Words: Free paratopological groups; Free Abelian paratopological group-
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s; Generalized metric spaces; Local compactness; The Fréchet properties; MP -equivalence.
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“T\” 7 “Q5” \e0���T\Æ\sPzNv�$##�B, �6$��T\Æ\��n�}[: T\Q5. sDT\ÆN A. Arhangel’skǐı .

M. Tkachenko H 2008 S>Æ\Æ0ws�Topological Groups and Related

Structures�[8] v$$L	 5T\Q5�t\

. T\q7zT\q$T\Q5,9k\"�-�	U. ��F0 G 4\��T\q [37, 77], ~& G $q, 4$T\
S�!gW"me�$w|\, H, q\8tD? µ : G×G→ G.iRD? ν : G → G h$��(
. ��F0 G 4\��zT\q [11], ~& G $q, 4$T\
S�!gq G \8tD?$��(
. oCp\�zT\q$T\q1,\S! [8]. ��qd^�: mL�5F	\ Sorgenfrey _vT\$zT\qp%$T\q [8]. zT\qRD?���\n��Zlb�t7lT\q\�t1{1N\%O, _qdbtV [8, 73, 74, 82] ^. T\q\J}e&P��mWzT\q	$T\Q5�
VC �\��_N\dK, V
[8, 73, 74, 82] ^.

1941 S, A. Markov FI�`&m$�.T\q\	U [56].� X $T\q G \�
S, P�F X Q5�6 G, H, 〈X〉 = G; g;���(
 f : X → H P�SW��OF
f̂ : G→ H,bk H $w�T\q. K8, G 4\ X 	\ Markov �`:�� (T4\, �`:��), K\ F (X). ~&	Ag#k\C1q$ Abel q, K8g#$ X 	\

Markov �` Abel :�� (T4\, �` Abel :��), K\ A(X). l;�|�X5 n, Fn(X) (An(X)) �� F (X) (A(X)) k 5�.� X \AT1j ≤ n\C1==�6\�
S.�.T\q\6&wT~�, b�$T\Q5�Iv�GZC�g�\n��{, Ip�HT\Q5�3kQz-�af [8].
\�.T\q\S!, 2002S, S. Romaguera�M. Sanchis.M. Tkachenko&m$w!T\
S	\�.zT\q\	U, !H3$bI�T\�h [76].� X $zT\q G \�
S, P�F X Q5�6 G, H, 〈X〉 = G; g;���(
 f : X → H P�SW��OF
f̂ : G→ H,
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bk H $w�zT\q. K8, G 4\ X 	\ Markov �`":�� (T4\,�`":��), K\ FP (X). ~&	Ag#k\C1q$ Abel q, Kg#$ X	\ Markov �` Abel ":�� (T4\, �` Abel ":��), K\ AP (X).l;�|�X5 n, FPn(X) (APn(X)) �� FP (X) (AP (X)) k 5�.� X\AT1j ≤ n \C1==�6\�
S.

S. Romaguera�M. Sanchis . M. Tkachenko H [76, a2�] . [82, a851�]~W���.zT\qHzT\q�3kQ1n�af, 1�P$f}zT\q�3k�}
NdK\�{”. 2008 S, A. Arhangel’skǐı . M. Tkachenko HbÆ0ws [8]a`Rw=H3$�.T\q4, �h	4J>o&����dK.'� 0.0.1 [8, �4 7.4.4] �`:����HS2�+90��`":��?Zu�dK, �}T\Q5�
V~ A. Elfard�P. Nickolas�N. Pyrch�O.

Ravsky�S. Romaguera�M. Sanchis�M. Tkachenko�F. Lin, C. Liu, S. Lin .
S. Cobzas ^v	$�}���.GA�\n��
.�~, J. Mack�S. Morris. E. Ordman [55]ZC$WmYK kω 
SHj�. (Abel) T\qo$
g\, H, kω 
S	\�. (Abel) T\qx$ kω 
S.

N. Pyrch [71] �t$�.zTq\ kω 
S�h, ZC$l��+5 Hausdorff
S X , X $�5 kω 
STglT X 	\�. (Abel) zT\q$ kω 
S.

A. Arhangel’skǐı [5] . C. Joiner [35] �I$AT1j\ n \� 5WmYK
S X 	�.T\q F (X) (�. Abel T\q A(X)) \�
S Fn(X) (An(X))\)9�. A. Elfard . P. Nickolas [20, 22] H�.zT\q\)9�xA	$|0pn\�
, S!$ A. Arhangel’skǐı [5] . C. Joiner [35] \	1e&W�.zT\q	, H�I$AT1j\ n \� 5T\
S X 	�.zT\q FP (X) (�. Abel zT\q AP (X)) \�
S FPn(X) (APn(X)) \)9�. E. Nummela [64], V. Pestov [69] . M. Tkackenko [79] �t$l��WmYK
S Y \�
S X , F (X) (A(X)) /��T\e� F (Y ) (A(Y )). F. Lin

[42] K�t$�;	1\�. (Abel) zT\q\e�dK. A. Arhangel’skǐı,

O. Okunev . V. Pestov [7] �t$j#
S	\�. (Abel) T\q\ k 
S�h.�5 tightness �h. w'`, F. Lin, C. Liu, S. Lin . S. Cobzas [46] �t$j#
S	\�. Abel zT\q\ k 
S�h.�5 tightness �h. -V,

A. Elfard . P. Nickolas [20, 22], N. Pyrch . O. Ravsky [72], S. Romaguera�M.

Sanchis . M. Tkachenko [76]  5�. (Abel) zT\q\}����\�t^^h$ 5�.zT\q\_,e���
.
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Sz
V%WmPJ, ÆG�.zT\q�t\bt_WIdl1�IZ�2d! [8, 12, 13, 20, 21, 22, 23, 39, 40, 41, 42, 46, 71, 72, 76, 82], p�Æ
VHO\w=I"�.zT\q�t3bl1��Z [12, 13, 21, 22, 23, 41, 42,

46, 71, 72, 76]. W�I�g.Av(, l�.zT\q\�tÆÆ�
�bdr!�.�bM�Zu A. Arhangel’skǐı . M. Tkachenko J>\	1��dK 0.0.1�P�
, �t�.zT\q\��T\�h: σ 
S��/
S�k∗ �j#
S^I�!#j#
S�h; w'k�h; Fréchet
S�h; ^k���E Lindelöf���E�}��cosmic 
S�h^, �xAldK 0.0.1 m�'}=M; -�xA�m.�;$ 5�.zT\q�t\�}bt~ [23, 46, 47, 72] ^k\n�e&.

2014-2015 S, �Ub�'�)./C�t$�.T\q\�}!#j#�h [38, 43, 44]. n�, F. Lin�C. Liu�S. Lin . S. Cobzas [46], N. Pyrch . O.

Ravsky [72] �t$ (H) �j#
S	\�.zT\q\�}�h. �$+>�: (+4V) �t�.zT\q\I�!#j#�h, Y�$H�j#
S	\�.zT\q\��
g�g�, GH$ k∗ �j# k 
S. k �/ k 
S	\�.zT\q\�5 tightness, H3$�.zT\q\a��5�, �m.�;$ F. Lin�N. Pyrch ^v\	1w e&.

2003S, P. Nickolas. M. Tkachenko �t$�.T\q\w'k�h [62].n�, F. Lin�C. Liu . K. Zhang [47] �t$�.zT\q\w'k�, ZC$:� X $ Hausdorff \ µ 
S, ~& FP2(X) $w'k
S, K8 X OX5�k
S.���
S\T\.. 5$ F. Lin�C. Liu . K. Zhang [47] J>dK: ~&T\
S X OX5�k
S.���
S\T\., K8 FP2(X) $w'k
S5? �$+4�: (+�V) Zu	1dK, �t�.zT\q\w'k�h. )q_aN'Q^j#�YT\
S X 	\�.zT\q FP (X) \�
S FP2(X) HRa= e \��w'�, �;$ A. Elfard . P. Nickolas \��e&: [23, g� 3.1]; s4�t FP2(X) \w'k�, ZC$: t X $WmYK
S Y 7��
S D \T\., K8 FP2(X) $w'k
STglT FP2(Y )$w'k
STglT AP2(X) $w'k
STglT AP2(Y ) $w'k
S.I `, � X OX5� Hausdorff k
S7���
S\T\., K8 FP2(X)$w'k
STglT FP2(X) HRa= e $w'k\. W}e&'}=M$
F. Lin�C. Liu . K. Zhang [47] J>\	1dK.
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1968-1969S, A. Arhangel’skǐı Y�$�.T\qk 5;/�
S Fn(X)

(An(X)) \OX�g� [4, 5]; 1996 S, K. Eda�H. Ohta . K. Yamada �t$�.T\q\h5�
S (prime subspaces) [19]�1980 S�, E. Ordman . B.

Smith-Thomas [68], S. Morris. H. Thompson [61], T. Nogura�D. Shakhmatov. Y. Tanaka [63], K. Yamada [84, 85]�M. Thachenko [81], Z. Cai�S. Lin .
C. Liu [15] ^vq4�t$�.T\q\( �hG Fréchet �h. �$+��: (+�V) �t�.zT\qk�}I.
S~h5
S�Arens 
S��&
S^\��, Y�$�.zT\qk\��OXg�!GH$b'+, S!$
[19, g� 2.6] W�. (Abelian) zT\q; �6$�.zT\q\ Fréchet �,S!$ E. Ordman . B. Smith-Thomas [68]  5�.T\q\w'e3.

1945 S�, A. Markov [57], M. Graev [29], V. Pestov [70], M. Tkachenko

[80], A. Arhangel’skǐı . M. Tkachenko [8] ^vq4�t$�.T\q\ M ^Q�7 A ^Q�, >Z$�m&n�6&. I `, �"�WmYK\T\
S
X . Y $ A ^Q\ (H A(X) . A(Y ) $T\O�\), ~& X $^k\, K8 Y �$^k\ [29]. � P $�E\��5�O\T\�h, g X . Y $ M^Q\WmYK
S (H F (X) . F (Y ) $T\O�\), ~& X {1�h P,K8 Y �{1�h P [70]. �I 2002 S�.zT\q&m��, �g"�T\O�\�.zT\q FP (X) . FP (Y ), w=GHb�_ X . Y \T\�h^S\�m\�t3bdjxs:1d!. �s, W$��|0n�\	K.�$+��: (+)V) Ze�5W	K\�t, )qZC$"�T\O�\�.zT\q�b�_|OX\KH�; bHZC$^k���E Lindelöf ���E�}��cosmic 
S�h^$ MP %��h. WS!$ M. Graev [29] . V.

Pestov [70]  5�.T\q\w'e3.-V��b�J>$�}dK��t.
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,?W M�℄
HWR, e>h��b+W\I� W;�\�, H�.zT\q\�}���Q�ee�GQ^j#\ Graev �S.

§1.1 kG8�z�E�
1941 S, A. Markov [56] FI�`&m$�.T\q\	U. 
\�.T\q\S!, 2002 S, S. Romaguera�M. Sanchis . M. Tkachenko [76] &m$w!T\
S	\�.zT\q.-� 1.1.1 [76] � X '":�� G ��aJ. H�
(1) B X �, � G, D, 〈X〉 = G; 

(2) xUiM℄� f : X → H �
n�iM72 f̂ : G→ H, �� H '�U":��.�w, G ~= X �� Markov �.zT\q (K~=, �.zT\q), E= FP (X).~&	Ag#k\C1q$ Abelq, K8g#$ X 	\ Markov �` Abel":�� (T4\, �` Abel ":��), K\ AP (X).�b, Fa(X) (Aa(X)) ��Q5Æ\|
F X 	\�.q (�. Abelianq), e (0) $ Fa(X) (Aa(X)) \Ra=. F X 4\ Fa(X) (Aa(X)) \���.�. Fa(X) (Aa(X)) k\=={1o&�h, �~, ,V [8, 75].;�|Ra= g ∈ Fa(X) P��\ g = xε11 · · ·xεnn , bk x1, ..., xn ∈ X g

ε1, ..., εn = ±1; g 4\AT\, ~& g \�L�k%�) xx−1 ? x−1xWm��,bk x ∈ X , HWmh�o, 4 g \1j l(g) ^5 n. ;�|Ra= g ∈ Fa(X)P[�`��\ g = xr11 x
r2
2 · · ·xrnn , bk n ≥ 1, ri ∈ Z \ {0}, xi ∈ X gl;�

i = 1, ..., n − 1, xi 6= xi+1, Wm��4\ g \Y"��. �;k�l Aa(X) 6�.f 1.1.2 [76] :�aJ X ���`":�� FP (X) �:�'kB Fa(X) �b� X �h#:���C�":��:�. d/�O� AP (X) �h.

1



a 2 � a�R L�\�l;�|�X5 n, FPn(X) (APn(X)) �� FP (X) (AP (X)) k 5�.� X \AT1j ≤ n \C1==�6\�
S. rs, FP0(X) = {e}. X̃ ��T\. X ⊕ {e} ⊕X−1. H| Abel \h�, l;� n ≥ 1, f
Cn(X) = FPn(X) \ FPn−1(X),

in �� X̃n W FPn(X) 	\8C(
, H, in(y1, ..., yn) = y1 · · · yn, l;�
(y1, ..., yn) ∈ X̃n. K8, (
 in $��\, K C∗

n(X) \ Cn(X) H(

in : X̃n → FPn(X)o\Rx. �;`, H Abel \h�, f

Cn(X) = APn(X) \ APn−1(X)g C∗
n(X) \ Cn(X) H8C(


in : X̃n → APn(X)o\Rx.T\
S X�Y S\(
 f : X → Y $ perfect \ [83], ~& f $���\, gl;� y ∈ Y , f−1(y) $k\.Bi 1.1.3 [46, }46.3, 6.4] � X ':�aJ.

(1) k FP (X) ��b, in : C∗
n(X) → Cn(X) '7�℄�.

(2) k AP (X) ��b, in : C∗
n(X) → Cn(X) ' perfect ℄�.Bi 1.1.4 [22, 72] �:�aJ X, Dn5N�I.

(1) X ' T1 aJ;

(2) FP (X) ' T1 aJ;

(3) X ' FP (X) �t�aJ;

(4) X−1 ' FP (X) �e��aJ;

(5) X−1 ' FP (X) �t�aJ;

(6) �xU#&s, n, FP (X) ��aJ FPn(X) 't�;

(7) AP (X) ' T1 aJ;



§1.1 �.zT\q�� a 3 �
(8) X ' AP (X) �t�aJ;

(9) −X ' AP (X) �e��aJ;

(10) −X ' AP (X) �t�aJ;

(11) �xU#&s, n, AP (X) ��aJ APn(X) 't�.��T\
S X 4\5, Hausdorff � (functionally Hausdorff), ~&l
X k\w!"%O
 x . y, KH��+5

f : X → [0, 1]�Z f(x) = 0 g f(y) = 1. rs, ;�WmYK
S$+5 Hausdorff \g;�+5 Hausdorff \
S$ Hausdorff \.Bi 1.1.5 [72] �:�aJ X, Dn5N�I.

(1) X '5, Hausdorff aJ;

(2) FP (X) '5, Hausdorff aJ;

(3) AP (X) '5, Hausdorff aJ.Bi 1.1.6 [41] � X ';�tlaJ
 K ' AP (X) �_,V�B. �w	k~ts, n "� K ⊂ FPn(X). d/�O� AP (X) �h.Bi 1.1.7 [22] � X ' T1 :�aJ
 w = xǫ11 x
ǫ2
2 · · ·xǫnn ' FPn(X) ��iKg, ��� i = 1, 2, ..., n, xi ∈ X, ǫi = ±1. � B w%1aZaJ$

U ǫ1
1 U

ǫ2
2 · · ·U ǫn

n �B���B
, ��� i = 1, 2, ..., n, 
 ǫi = 1, B Ui ' xik X ��pf; 
 ǫi = −1, Ui = {xi}. �w B '� w k FP (X) ��aJ
FPn(X) ��pf�.Bi 1.1.8 [22] � X ' T1 :�aJ
 w = ǫ1x1+ ǫ2x2+ · · ·+ ǫnxn ' APn(X)��iK�, ��� i = 1, 2, ..., n, xi ∈ X, ǫi = ±1. E B =1aZaJ$
ǫ1U1 + ǫ2U2 + · · ·+ ǫnUn �B���B
, ��� i = 1, 2, ..., n, 
 ǫi = 1, B Ui' xi k X ��pf; 
 ǫi = −1, Ui = {xi}. �w, B '� w k�aJ APn(X)��pf�.



� 4 S �Um L�\�
§1.2 u?aT>Iu!2m' Graev hX�ee�.^j#\ Graev �S$�t�.T\q\"�n��� [8]. �s, l�.zT\q\�t, TfQ�ee�\��\�7Q^j#\ Graev�S$�}��\.-� 1.2.1 [24] � F 'B X �#a�B
, ~ F 'Us�, �2v	D{5N:

(FL1) ∅ 6∈ F ;

(FL2) �2 A ∈ F C A ⊂ B, �w B ∈ F ;

(FL3) �2 A ∈ F C B ∈ F , �w A ∩ B ∈ F .-� 1.2.2 [25, 36] kU(B X ��U(Q�ee� U ' X ×X �v	Dnk(5N�U(s�.
(1) U �xUg U p4 X ��QF △X = {(x, x) : x ∈ X};

(2) �xU U ∈ U , 	k V ∈ U "� V ◦ V = {(x, z) ∈ X ×X : 	k y ∈

X "� (x, y) ∈ V 
 (y, z) ∈ V } ⊂ U.F X 	\�U{S* U \���F� B 4\ U \���, ~& U \;�=�) B \��=.f 1.2.3 (1) � U B X ��Q�ee�
 M ⊂ X. �
UM = {(M ×M) ∩ V : V ∈ U}.�X℄� UM '�B M ⊂ X ���U{S*.

(2) kUB X ��xU�U{S* U b�U(:� τ(U) �D. �xU
x ∈ X C U ∈ U , |

U(x) = {y ∈ X : (x, y) ∈ U}.

X ��B G ∈ τ(U) 

W
�xU x ∈ G, 	k U ∈ U "� U(x) ⊂ G.

(X, τ) ���U{S* U ~=e τ G�, �2 τ(U) = τ . e:�aJ X G��1a�U{S*��
U~=aJ X � fine �U{S*, E= FN (X).



§1.2 Q�ee�7Q^j#\ Graev �S a 5 �
(3) � η(e) w%":�� G ��?g e �pfs�. �xU U ∈ η(e), |

UL = {(x, y) ∈ G×G : x−1y ∈ U}

UR = {(x, y) ∈ G×G : yx−1 ∈ U}.�w {UL : U ∈ η(e)} ' G �G��~�U{S* UL �U(�; {UR : U ∈

η(e)} ' G �G��~�U{S* UR �U(� [36].sH="Q^j#\ Graev �S.-� 1.2.4 [25, 36] �ZkB X ×X ��#&!x5, ρ ~=B X ��U(�>�l, �2 ρ v	Dn5N:

(1) �xU x ∈ X, ρ(x, x) = 0;

(2) ��Y x, y, z ∈ X, ρ(x, z) ≤ ρ(x, y) + ρ(y, z).F X 	\��Q^j# ρ � 1 \g, ~&lw! x, y ∈ X , ρ(x, y) ≤ 1. H�q G 	\��Q^j# ρ 4\"�%�\, ~&lw! a, x, y ∈ G,

ρ(x, y) = ρ(ax, ay) = ρ(xa, ya).~& ρ $F X 	\��Q^j#, l;� x ∈ X , g# ρx : X → R �Zlw! y ∈ X , ρx(y) = ρ(x, y).f 1.2.5 � ρ 'B X ��U(�>�l, 
��Y x, y ∈ X,

d(x, y) = min{ρ(x, y), 1}.�w d RB X ��U(�>�l.-� 1.2.6 [8] � A ⊂ N "� |A| = 2n, �~ n ≥ 1. A ��U(8% (scheme)'yU(v	Dn5N�-�:

(S1) �xU i ∈ A, ϕ(i) 6= i 
 ϕ(ϕ(i)) = i;

(S2) y	k i, j ∈ A v	 i < j < ϕ(i) < ϕ(j).



� 6 S �Um L�\�t ρ $F X 	\��Q^j#g� 1 \g. sH, e>	Æ~/�S ρ W�.q Fa(X) 	, �~, ,V [20, 22, 76].)q, �S ρ W X ∪ {e} 	\�Q^j# ρe: l x, y ∈ X ∪ {e},

ρe(x, y) =





0, � x = y;

ρ(x, y), � x, y ∈ X ;

1, �K.bH, �S ρe W Fa(X) \�F X̃ = X ∪ {e}∪X−1 	\�Q^j# ρ∗: l
x, y ∈ X̃ ,

ρ∗(x, y) =





0, � x = y;

ρe(x, y), � x, y ∈ X ∪ {e};

ρe(y−1, x−1), � x, y ∈ X−1 ∪ {e};

2, �K.�4, � g $ Fa(X) \AT=g� X ≡ xi1xi2 · · ·xi2n $�H� X̃ k\{1V51j l(X ) = 2n \�, bk i1, i2, · · · , i2n $5%wO\YX5, �ZH XkC1�P\7T (�ÆI X k� e \�?) � X AT6 g (e>K [X ] = g,~&C1\W}MX6�). K ζX $ A = {i1, i2, · · · , i2n} 	C1R�^F. e>�7;� ϕ ∈ ζX $ X \��R�. l;� ϕ ∈ ζX , f
Γρ(X , ϕ) =

1

2

∑

i∈A

ρ∗(x−1
i , xϕ(i)).g# Nρ(g) ~o:

Nρ(g) = inf{Γρ(X , ϕ) : l(X ) = 2n ≥ l(g), [X ] = g, ϕ ∈ ζX , n ∈ N}.g#
ρ̂ : Fa(X)× Fa(X) → [0,+∞)�Zlw! g, h ∈ Fa(X),

ρ̂(g, h) = Nρ(g
−1h).K8 ρ̂ $ Fa(X) 	"�%�\Q^j#, g�S ρ G ρ∗, ρ̂ 4\ ρ \ Graev �S [20, 22, 76]. 5 ρ H Aa(X) 	\ Graev �S�;�Y [20, 22, 76].



§1.2 Q�ee�7Q^j#\ Graev �S a 7 �-� 1.2.7 [24] �Zk:�aJ X ��U(!x5, f ~=�oiM�, �2�xU x ∈ X CxU!, r, �� f(x) < r, 	k x �\pf U ⊂ X "��xU x′ ∈ U , f(x′) < r."�	, f : X → R $	���\TglT f : X → (R,S) ��, bk
S = {∅,R} ∪ {(−∞, a) : a ∈ R}.� X $T\
S. t D1(X) $ X 	6�o&MX\C1Q^j# ρ ^F:

(1) ρ � 1 \g;

(2) lw! x ∈ X , ρx $	���\.f 1.2.8 `�E 1.1.2 C [22, �f 3.8], �xU ρ ∈ D1(X), {Bρ̂ (e, ε): ε > 0}' FP (X) ��\B
, ��
Bρ̂(e, ε) = {g ∈ Fa(X) : ρ̂(e, g) < ε}.f 1.2.9 �UiKg g ∈ Fa(X), �2 ρ̂(e, g) = Nρ(g) < 1, �wDn�h:

(1) 63�{ ρ̂ �*OC [22, �f 3.5], g Za�,}�, -, g �w%�iKJ$ g = v1v2 · · · v2k(�~Uts, k), �� v1, v2, · · · , v2k ∈ X ∪X−1;

(2) ` [22, �f 3.5], 	kB {1, 2, · · · , 2k} ��8%"�
ρ̂(e, g) =

1

2

2k∑

i=1

ρ∗(v−1
i , vϕ(i)).Bi 1.2.10 [76, �f 3.2], [41, �f 3.2, 3.3] � (X, ̺) '�laJ, �� ̺W 1 =U. � ̺̂' ̺ � Fa(X) �kuyv� Graev 
n. �wB
 {B̺̂(e, ǫ) :

ǫ > 0} '�`� Fa(X) �~U_�l<":��:� T̺ ��?g e �U(�,
 T̺ k X ��E}e ̺  �� X �:�U{. �xU#&s, n, FPn(X)k (Fa(X), T̺) �'t�. d/�O� Aa(X) �h.�$O- FP (X) D AP (X) &hfL X I-� T1 &, _f&\08, iV�,� [8, 24].
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,5W kG8�z�'H=AA2m4
!#j#
S�3$��T\Æk\-�O|^�, ~V [30, 48, 49] ^.HT\Q5,9l!#j#�h\�t�q&
T\Æ�
V\n', �~V
[31, 38, 39, 40, 43, 44, 46, 72] ^. n�, F. Lin, C. Liu, S. Lin . S. Cobzas [46],

N. Pyrch . O. Ravsky [72] �t$ (H) �j#
S	\�.zT\q\�}�h, >Z$o&e&. H�j#�Hj�. (Abel) zT\qo$
g\, H, H�j#
S	\�. (Abel) zT\qx$H�j#
S [72]. ~&�j#
S
X 	\�. Abel zT\q AP (X) 1�5 tightness, K8. X kC1|��
�6\�
S X ′ $�}\ [46]. l��YK
S X , AP2(X) $a��5
STglT AP2(X) $�j#
STglTl;� n ∈ N, APn(X) $a��5
STglT X $l11u�|��
\�j#
S [46].H�R,e>ZH3�.zT\q\I�!#j#�h,�m.�; F. Lin�N.
Pyrch ^v\	1e&.Ha�b, Y�H�j#
S	\�. (Abel) zT\q\��
g�g�.ZC$: ~& X $H�j#
S, K8 X $ Ξ 
STglT FP (X) $ Ξ 
S
(g� 2.1.6). 
\b'+, I `ZC$: t X $H�j#
S, K8 X $ σ 
STglT FP (X) $ σ 
STglT AP (X) $ σ 
S (S3 2.1.7); X $�/
STglT FP (X) $�/
STglT AP (X) $�/
S (S3 2.1.8).Harb, �t k∗�j# k
S	\�. (Abel)zT\q\�5 tightness.ZC$: t X $ Hausdorff \ k∗ �j#\ k 
S, ~& FP (X) ? AP (X) 1�5 tightness, K8. X kC1|��
�6\�
S X ′ $ ω1 k\, Ip X$ ℵ′

0 
S (g� 2.2.9). W�m$ F. Lin ^v 5�j#
S	\�. AbelzT\q\�5 tightness \w e&.Ha�b, �t k �/ k 
S	\�. (Abel) zT\q\�5 tightness.ZC$: t X $ Hausdorff \ k �/\ k 
S. ~& FP (X) ? AP (X) 1�5
tightness, K8. X kC1|��
�6\�
S X ′ $ ω1 k\ (g� 2.3.2).Ha9b, H3�.zT\q\a��5�. ZC$o& (g� 2.4.6).� X $YK
S, Ko1MX^Q:

(1) FP2(X) $a��5
S;

(2) FP2(X) $�j#
S;

9



� 10 S ��m jF7�y~&G<��1l3b
(3) X $j#
Sg X \C1|��
^F$1u\;

(4) AP2(X) $a��5
S;

(5) AP2(X) $�j#
S;

(6) l;� n ∈ N, APn(X) $a��5
S.�RO|j(5
V.'*℄,�ns�\3b “Z. Cai, S. Lin, A few

generalized metric properties of free paratopological groups, Topol. Appl. 204

(2016), 90-102”, H,�bt [13].�RAg: �(
hPg$��6\.

§2.1 !e2mgM�'kG8�z�'?
&.4.jT\
S (X, τ) $�_�l� [1], ~&KH X 	T\ τ ′ �Z τ ′ ⊂ τ g
(X, τ ′) $�j#7\.�bAg, :�K~ Ξ Yyv	Dn.(5N:

• Ξ /
t�aJV�;

• Ξ 'aE_��;

• xUe�aJZaK~ Ξ; 

• _,(ZaK~ Ξ �t�aJ�x�ZaK~ Ξ.T\
S X $ Ξ aJ, ~& X {1�h Ξ.-� 2.1.1 � P ':�aJ X ��B
.
(1) P ' X �Y [3], �2�xU x ∈ X C x ��Upf U , 	k P ∈ P"� x ∈ P ⊂ U .

(2) P 'w'1u\, �2�xU x ∈ X, 	k x �pf W "� W z�e P �aE�(gGP.

(3) P ' σ w'1u\, �2 P �w%�_,(YzaEB
�x.-� 2.1.2 � (X, τ) ':�aJ, τ c ' (X, τ) ��1atBv
.
(1) X ~= σ 
S [65], �2 X a σ YzaE�<.

(2) X ~=�/
S [18], �2	k5, F : N × τ → τ c v	: �xU
n ∈ N CxU\B U ⊂ X, y�UtB F (n, U) ZaDnK~ (a) 7 (b).



§2.1 H�j#
S	\�.zT\q\��
g�g� a 11 �
(a) U =

⋃
n∈N F (n, U);

(b) V ⊂ U ⇒ F (n, V ) ⊂ F (n, U).�2)�: � K 'U\B U �V�B, l	k m ∈ N "� K ⊂ F (m,U),�w X ~= k o|aJ [54].f 2.1.3 (1) �X℄�: σ aJ' Ξ aJ.

(2) o|aJ' Ξ aJ [66].

(3) xUtl� σ aJ'o|aJ [30, �f 5.9]. 	k�_�l�tlo|aJy' σ aJ [30, g 9.10].sH, e>ZC Ξ 
SHjH�j#
S	\�. (Abel) zT\qo$
g\.o&&� 2.1.4 1�P$�\\.Bi 2.1.4 � f : X → Y ' perfect ℄�. �2 X ' σ aJ, �w Y R' σaJ.[r t A $ σ 
S X \ σ w'1uY. %\(
 f $ perfect \, . [24, &� 3.10.11], F� {f(A) : A ∈ A} $ Y \ σ w'1uY. Ip, Y $ σ 
S.ZW.Bi 2.1.5 [18] � f : X → Y 't℄�. �2 X 'o|aJ, �w Y R'o|aJ.-i 2.1.6 � X '�_�laJ. �w X ' Ξ aJ

W
 FP (X) ' Ξ aJ.[r ;}�. W$rs\, %\ Ξ 
S 5��
S�E.���. P� (X, τ) $H�j#\ Ξ 
S. K8KHT\ τ ′ ⊂ τ �Z
(X, τ ′) �j#7. t ̺ $ (X, τ ′) 	7 τ ′ w|\j#g� 1 \g. .

id : (X, τ) → (X, τ ′)$2^��(
, g Y ��
S (X, τ ′). �S(
 id W��OF
îd : FP (X) → FP (Y ),



� 12 S ��m jF7�y~&G<��1l3bK8 îd $�.q Fa(X) 	\2^(
. .&� 1.2.10, ̺ P�SW Fa(X) 	\��j# ̺̂�Z (Fa(X), ̺̂) $J5 FP (Y ) \T\\�j#7zT\qT\.4, l;�|�X5 n, FPn(X) H (Fa(X), ̺̂) k$�\, %\j#
S\;���F$ Gδ F, C�
FPn(X) =

⋂

j∈N

Un,j ,bk;� Un,j H (Fa(X), ̺̂) k$�\. 4 îd $2^��O�, 5$;� Un,j H
FP (X) k$�\.�g n ∈ N. l;� j ∈ N, .

Vn−1,j = Un−1,j ∩ FPn(X).Ip
FPn−1(X) = FPn−1(X) ∩ FPn(X) =

⋂

j∈N

(Un−1,j ∩ FPn(X)) =
⋂

j∈N

Vn−1,jg
Cn(X) = FPn(X) \ FPn−1(X) =

⋃

j∈N

(FPn(X) \ Vn−1,j).rs, l;� j ∈ N, En,j = FPn(X)\Vn−1,j H FP (X)k$�\. %\ i−1
n (En,j)H X̃n k$�\, .&� 1.1.3(1), l;� n, j ∈ N, En,j $ Ξ 
S. Ip,

FP (X) = {e} ∪
⋃

n∈N

Cn(X) = {e} ∪
⋃

n,j∈N

En,j$ Ξ-space. ZW..g� 2.1.6 G&� 1.1.3(2), 2.1.4, 2.1.5 Zo&S3.�q 2.1.7 � X '�_�laJ. �wDn�I.

(1) X ' σ aJ;

(2) FP (X) ' σ aJ;

(3) AP (X) ' σ aJ.�q 2.1.8 � X '�_�laJ. �wDn�I.

(1) X 'o|aJ;

(2) FP (X) 'o|aJ;

(3) AP (X) 'o|aJ.



§2.2 k∗ �j# k 
S	\�.zT\q\�5 tightness a 13 �%\;� Hausdorff zk σ 
S$H�j#\ [30], e>1o&6�.�q 2.1.9 �2 X ' Hausdorff "V σ aJ, �w FP (X) 7 AP (X) �' σaJ.'� 2.1.10 σ aJ X ���`":�� FP (X)>�` Abel":�� AP (X)�' σ aJu?

§2.2 k∗ e2m k gM�'kG8�z�'e� tightness(
 f : X → Y 4\ subproper� [9],~&KH X \�F Z �Z f(Z) = Yglw�H Y k{1k��\F K, F Z ∩ f−1(K) H X k{1k��. k∗ _�laJH [9] k
\j#
S\�� subproper (x�&m, !'+W$T\Q5,9. �n, k∗ �j#
S�&
$��T\Æ�
V\�k [31, 50]. �b�t k∗ �j# k 
S	\�. (Abel) zT\q\�5 tightness.="�}w 	U.t X $T\
S. X \�F P 4\ x ∈ X H X k\Lnpf, ~&w�( 5 x \�& {xn}n∈N l5 P , H,

{xn : n ≥ k0} ∪ {x} ⊂ PlG k0 ∈ N. P 4\ X \Ln\�F, ~& P $ P k;�
H X k\�&)9.

X 4\LnaJ [26], ~& X \;��&��FH X k$�\.

X 4\ k aJ [28], ~&�F A ⊂ X H X k�TglTl X \;�k�F K, A ∩K H K k�.

X {1_, tightness [24], ~&H X k x ∈ A, K8lG��5 C ⊂ A,

x ∈ C. %N�Z: �5 tightness $�E\g��(
�:.

X $ ω1 VaJ [30], ~& X \;�%�5�F1y
.t P $T\
S X \�F�.

P 4\ X \ k < [67], ~& K $��F U \k�F, KKH1u��
F ⊂ P �Z K ⊂ ∪F ⊂ U .



a 14 � arR jF7�y~&G<��1l3b
P 4\ X \ cl1-osed k < [9], ~& K $��F U \k�F, KKH1u�� F ⊂ P �Z K ⊂ ∪F ⊂ cl1(∪F) ⊂ U , bk cl1(∪F) ��. ∪F k\
�6\ X \( �&\C1Du
^F.

P $VaE�, ~& X \;�k�Fl7 P \1u�=w\.

P $ σ VaE�, ~& P P��6�5�k1uF�\!.��1k\e&$:Bi 2.2.1 [9] U( Hausdorff aJ X ' k∗ _�laJ

W
 X Za σ VaE� cl1-osed k <.e>9���m&&�.Bi 2.2.2 ω1 V k aJ��VaEB
'_,�.[r t P $ ω1 k k 
S X k\k1uF�. P� P %�5. K8KH��� F = {Pα : α < ω1} ⊂ P G��F A = {xα : α < ω1} ⊂ X 6�o&:

(1) l;� α < ω1, xα ∈ Pα;

(2) lw!"%O\ α, β < ω1, xα 6= xβ g Pα 6= Pβ.%\ X $ ω1 k\, �, . x $ A H X k\y
, Ip A \ {x} H X k%$�\. .5 X $ k 
S, KH X \k�F K �Z (A \ {x}) ∩K H K k%$�\. K8, (A \ {x})∩K $gu\, W7 P H X k$k1u\P�7m. ZW.Bi 2.2.3 [32] xUZa�_, k <� Hausdorff � k aJ'LnaJ.=": Sω1
[48] $O0 ω1 �( �&\T\.\Du
>Z\�
S, bkW�\;�( �&$�_v R \�
S {0} ∪ { 1

n
: n ∈ N} \��.Bi 2.2.4 � X ' Hausdorff � k∗ _�l� k aJ. �2` X �1a#,h�����aJ X ′ y' ω1 V�, �w	kt℄� f : X → Y "� Y p4

Sω1
�U(t^r.



§2.2 k∗ �j# k 
S	\�.zT\q\�5 tightness a 15 �[r .&� 2.2.1, t P =
⋃

n∈N Pn $ X \ σ k1u\ cl1-osed k Y. .&�
2.2.3, X $�&
S. %\. X kC1|��
�6\�
S X ′ %$ ω1 k\, C�KH�%�5�F D = {xα : α ∈ Γ} �Z D ⊂ X ′ g D H X k:1y
, bk Γ $�a�F.38 1. l;� α ∈ Γ , KH. X k
�6\( 5 xα \�|[u�&
{xn(α)}n∈N �Z D ∩ {xn(α) : n ∈ N} = ∅."�	, %\ X $�&
S, C�l;� α ∈ Γ , {xα} H X k%$�&�\, IpKH. X k
�6\( 5 xα \�|[u�& {bn(α)}n∈N. 4, D H
X k:1y
, C�l;� α ∈ Γ ,

|D ∩ {bn(α) : n ∈ N}| < ω.W�, k� 1 ZW.38 2. KH Γ \�F Λ, bk |Λ| = ω1, �Zl;� α ∈ Λ, KH. Xk
�6\( 5 xα \�|[u�& {zn(α)}n∈N G� Pα ∈ P 6�o&:

(a) {zn(α) : n ∈ N} ⊂ Pα;

(b) lw!"%O\ α, β ∈ Λ, {zn(α) : n ∈ N} ∩ {zn(β) : n ∈ N} = ∅;

(c) lG� m ∈ N, {Pα : α ∈ Λ} ⊂ Pm."�	, .k� 1, %\ P $ X \ cl1-osed k Y, C�l;� α ∈ Γ , KH1u�� Fα ⊂ P �Z
{xn(α) : n ∈ N} ∪ {xα} ⊂ ∪Fα ⊂ cl1(∪Fα) ⊂ X \ {xβ : β ∈ Γ , β 6= α}.K8, l;� α ∈ Γ , KH� Pα ∈ P G {xn(α)}n∈N \��& {xnk

(α)}k∈N �Z
{xnk

(α) : k ∈ N} ⊂ Pα ⊂ cl1(Pα) ⊂ X \ {xβ : β ∈ Γ , β 6= α}.W�, lw!"%O\ α, β ∈ Γ , 1 xβ 6∈ cl1(Pα), Ip Pα 6= Pβ. mp, KHG
m ∈ N �Z Pm �)%�5n� Pα.%G, KH Γ \�F Λ, bk |Λ| = ω1, �Zl;� α ∈ Λ, KH. X k
�6\( 5 xα \�|[u�& {yn(α)}n∈N G� Pα ∈ P 6� {yn(α) : n ∈

N} ⊂ Pα glG� m ∈ N, {Pα : α ∈ Λ} ⊂ Pm.%\ Pm H X k$k1u\, C�, l;� α ∈ Λ,

{yn(α) : n ∈ N} \
⋃

β∈Λ\{α}

{yn(β) : n ∈ N}



a 16 � arR jF7�y~&G<��1l3b$gu\, !K\ {zn(α) : n ∈ N}. W�, k� 2 ZW.sH, t Y $I X kO0 E = {xα : α ∈ Λ} W�
>Z\�
S, H,

Y = X/E. K Y = {∞}∪ (X \E). . q : X → Y $�s�(
. K8(
 q $�\ [24, � 2.4.12], Ip Y $ T1 
S.38 3. Y \�
S C = {∞} ∪
⋃

α∈Λ{zn(α) : n ∈ N} $ Sω1
\���.t Z =

⋃
α∈Λ({zn(α) : n ∈ N} ∪ {xα}). %\ X $�&
Sg Pm H X k$k1u\, C��
S Z H X k$�\, q|Z : Z → q(Z) $�(
g

Z =
⊕

α∈Λ

({zn(α) : n ∈ N} ∪ {xα}).%G Y \�
S C = q(Z) $ Sω1
\���. ZW.Bi 2.2.5 [33] � X '�AaJ Sω1

× Sω1
. �w X � tightness 'y_,�.b [46] ZC: ~& X $WmYK
S, K8l;� n ∈ N, AP (X) �) Xn\����. sp, ~&}�� “WmYK” U�\ T1, N'&� 1.1.8, e>xPH AP (X) k, l;� n ∈ N, �Y Xn \����.Bi 2.2.6 � X ':�aJ. Dn�h.

(1) �xU n ∈ N, FP (X) p4 Xn �U^r [22].

(2) �xU n ∈ N, AP (X) p4 Xn �U^r.[r g#(

Φ : Xn → AP (X)�Zl;� (x1, x2, ..., xn) ∈ Xn,

Φ(x1, x2, ..., xn) = x1 + 2x2 + · · ·+ 2n−1xn.. m = 1 + 2 + · · ·+ 2n−1, 5$
Φ(Xn) ⊂ APm(X).. AP (X) 8CD?\���, Z Φ $��\. %\F X $ AP (X) \�.Q5�, C� Φ $R
. sb�ZC
Φ : Xn → Φ(Xn)



§2.2 k∗ _�l k aJ���`":���_, tightness � 17 S$�(
. � U $ Xn \|
��Fg (x1, x2, ..., xn) ∈ U . K8l;� i ≤ n,KH xi H X k\)9 Ui �Z
U1 + 2U2 + · · ·+ 2n−1Un = Φ(U1 × U2 × · · · × Un) ⊂ Φ(U)..&� 1.1.8, U1 + 2U2 + · · ·+ 2n−1Un $
 Φ(x1, x2, ..., xn) H APm(X) k\)9. W�, Φ(U) $
 Φ(x1, x2, ..., xn) H Φ(Xn) k\)9g Φ(U) H Φ(Xn) k$�\. ZW.o&&� 2.2.7 k\ FP (X)\h�H [72, EK 2.10] kZC. }n�Z4,E\xtl AP (X) \h��%+.Bi 2.2.7 [72] � f : X → Y ':�aJ X 7 Y vJ��℄�. �w f �iM
n�\72 F (f) : FP (X) → FP (Y ) 
 A(f) : AP (X) → AP (Y ).Bi 2.2.8 � f : X → Y ':�aJ X 7 Y vJ��℄�. If FP (X) >

AP (X) a_, tightness, �w Y yp4 Sω1
�t^r.[r P� Y �) Sω1

\���. .&� 2.2.7, (
 f P���SW�OF
F (f) : FP (X) → FP (Y )g
A(f) : AP (X) → AP (Y ).%\ FP (X) (AP (X)) 1�5 tightness, C� FP (Y ) (AP (Y )) �1�5 tight-

ness. .&� 2.2.6, FP (Y ) (AP (Y )) �) Y 2 \���. Ip Sω1
× Sω1

1�5
tightness, W7&� 2.2.5 7m. ZW.� X $YK
S. X 4\ ℵ0 
S [59], ~& X 1�5 k Y. X 4\ ℵ′

0
S [60], ~&. X kC1|��
�6\�
S X ′ $ ℵ0 
S.-i 2.2.9 � X ' Hausdorff � k∗ _�l� k aJ. �2 FP (X) > AP (X)a_, tightness, �w` X �1a#,h�����aJ X ′ ' ω1 V�, ��
X ' ℵ′

0 aJ.[r P� X ′ %$ ω1 k\. .&� 2.2.4, KH�(
 f : X → Y �Z Y �)
Sω1
\����. .&� 2.2.8, Y %�) Sω1

\���. 7m. F.&� 2.2.2,

X $ ℵ′
0 
S. ZW.{1 σ w'1u k Y\YK
S`	 ℵ aJ [67].



a 18 � arR jF7�y~&G<��1l3b�q 2.2.10 � X ' k 
 ℵ aJ. �2 FP (X) > AP (X) a_, tightness,�w X ' ℵ′
0 aJ.T\
S X 4\ Lašnev aJ [78], ~&E$j#
S\�(
x. ;�

Lašnev 
S$Y"\ k∗ �j#\ k 
S [9, 52].�q 2.2.11 � X ' Lašnev aJ. �2 FP (X) > AP (X) a_, tightness,�w X ' ℵ′
0 aJ.T\
S X \�F� P 4\I_,�, ~&lw� P ∈ P, F�

{B ∈ P : B ∩ P 6= ∅}$�5\.;�{1��5 k Y\YK
S$ k∗ �j#\ [53].�q 2.2.12 � X 'ZaI_, k <�tl k aJ. �2 FP (X) > AP (X)a_, tightness, �w X ' ℵ′
0 aJ.f 2.2.13 k 
 ℵ aJ�Lašnev aJCZaI_, k <�tl k aJ�o:yj4, g�, M [48, 53].o&S3\ Abel h�, 
\ [46] k\r�e&^�, .'�)^v>Z.�q 2.2.14 � X '�laJ. �2 FP (X) > AP (X) a_, tightness, �w` X �1a#,h�����aJ X ′ ' ω1 V�, D, X ′ '_$�.ZuS3 2.2.14, J>o&dK$�s\.'� 2.2.15 � X '�laJ. �2` X �1a#,h�����aJ X ′ '

ω1 V�, AP (X) a_, tightness u?t P $T\
S X \�F�. P $V_,�, ~& X \;�k�Fl7
P \�5�=w\.'� 2.2.16 �f 2.2.9 ��5N “k∗ _�l� k aJ” �L�=5N “ZaV_, k <� k aJ” u?



§2.3 k o| k aJ���`":���_, tightness � 19 S
§2.3 k Æ� k gM�'kG8�z�'e� tightness

k �/
S$��n�\!#j#
S�, H'*℄,\Æ0ws�!#j#
S7(
 (arÆ)�[49] kw=1�bh�. �bxWH3 k �/ k 
S	\�. (Abel) zT\q\�5 tightness.Bi 2.3.1 [51] � f : X → Y 't℄�, �� X ' Hausdorff � k o|�
k aJ, Y ':�aJ. �2 Y yp4 Sω1

�t^r, �w�xU y ∈ Y , B
Frf−1(y) ' Lindelöf �.-i 2.3.2 � X ' Hausdorff � k o|� k aJ. �2 FP (X) > AP (X) a_, tightness, �w` X �1a#,h�����aJ X ′ ' ω1 V�.[r P� X ′ %$ ω1 k\. K8KH%�5F D �Z D ⊂ X ′ g D H Xk:1y
, Ip D $ X \����F. mp, 
S D %$ Lindelöf \. f
Y = X/D. K Y = {∞} ∪ (X \D). t q : X → Y $�s�(
. K8(
 q$�\ [24, � 2.4.12].38. IntXq

−1(∞) = IntXD = ∅.P� IntXD 6= ∅. j
 x G X k\�F V �Z x ∈ V ⊂ D. K8
V \ {x} ⊂ D H X k$�\, 5$ {x} = V \ (V \ {x}) H X k$�\. -�xA, {x} ⊂ X ′ H X k%�. 7m.W�, Frq−1(∞) = q−1(∞) \ IntXq

−1(∞) = D %$ Lindelöf \. .&�
2.3.1, Y �) Sω1

\����, W7&� 2.2.8 7m. ZW.f 2.3.3 (1) 	k�U_,� k o|�tlaJy' k∗ _�l� [17, g 9.2].

(2) 	k�U_,�ZaI_, k <� Hausdorff aJ (��, Za σ VaE� k <), y' k o|aJ [48, g 1.5.8].

§2.4 kG8�z�',?e�4a��5\k Hausdorf 
S%�$�j#7\. H�b, e>H3�.zT\q\a��5�. ZC$: l��YK
S X , K8 FP2(X) $a��5




a 20 � arR jF7�y~&G<��1l3bSTglT FP2(X) $�j#
STglT X $j#
Sg X \C1|��
^F$1u\; �;k�l Abel h�6� (g� 2.4.6).Bi 2.4.1 [23] � X ':�aJ
 FN (X) ' X � fine �U{S*. �w
B = {j2(U) ∪ k2(U) : U ∈ FN (X)}'�?g e k FP2(X) ��pf�, ��

j2 : X ×X → Fa(X)

k2 : X ×X → Fa(X)�Z�D: �xU (x, y) ∈ X ×X,

j2(x, y) = x−1y;

k2(x, y) = yx−1.=": T\
S X \3r χ(X) [24] g#\
χ(X) = supx∈Xχ(x,X),bk, l;� x ∈ X ,

χ(x,X) = min{|B| : B $ x H X k\)9�}.lT\
S X , �5+5 fq(X) g#~o�
fq(X) = min{|B| : B $ FN (X)\�}.Bi 2.4.2 � X ':�aJ
 κ 'UAE�,. �wDn�I.

(1) χ(FP2(X)) ≤ κ;

(2) fq(X) ≤ κ.



§2.4 �`":����U_,K � 21 S[r (1) ⇒ (2). .&� 2.4.1,

B = {j2(U) ∪ k2(U) : U ∈ FN (X)}$Ra= e H FP2(X) k\)9�. %\
χ(FP2(X)) ≤ κ,C�KH S ⊂ FN (X) �Z |S| ≤ κ g {j2(U) ∪ k2(U) : U ∈ S} $Ra= e H FP2(X) k\)9�. e>ZC: S $ FN (X) \�. "�	, l;�

V ∈ FN (X), .&� 2.4.1, KH U ∈ S �Z
j2(U) ∪ k2(U) ⊂ j2(V ) ∪ k2(V ).W�, U ⊂ V g S $ FN (X) \�. Ip, fq(X) ≤ κ.

(2) ⇒ (1). P� fq(X) ≤ κ. .&� 2.4.1, χ(e, FP2(X)) ≤ κ. .&� 1.1.3(1), C2(X) = FP2(X) \ FP1(X) OX5 X̃2 \��
Sg C2(X) H
FP2(X) k$�\, C�, l;� g ∈ C2(X),

χ(g, FP2(X)) = χ(g, C2(X)) ≤ χ(X̃2) = χ(X̃) ≤ fq(X) ≤ κ.t Z $.C1X5�6\��Otqg f : X → Z g#\: l;� x ∈ X ,

f(x) = 1. �S f W��OF
f̂ : FP (X) → Z.%G,

f̂ |FP2(X) : FP2(X) → Z$��\. f
ϕ = f̂ |FP2(X).K8
ϕ−1({1}) = Xg

ϕ−1({−1}) = X−1,Ip X ∪X−1 H FP2(X) k$�\.



a 22 � arR jF7�y~&G<��1l3b5$, l;� h ∈ X ∪X−1,

χ(h, FP2(X)) = χ(h,X ∪X−1) ≤ χ(X̃) ≤ fq(X) ≤ κ.�^, χ(FP2(X)) ≤ κ. ZW.Bi 2.4.3 [25] � X 'tlaJ. aJ X � fine �U{S*a_,�

W
 X 'WaaE�(#,h���laJ.-� 2.4.4 [34] � X ':�aJ.

(1) X ��/B V ~= X ��)9Y, �2�xU x ∈ X,

V (x) = {y ∈ X : (x, y) ∈ V }' x k X ��pf.

(2) X �pf<Ln {Vn}n∈N ~= X ��Y"�&, �2�xU n ∈ N,

Vn+1 ◦ Vn+1 ⊂ Vn

.

(3) X �pf< V ~=Y"\, �2 V ' X �~Ut1Ln��Ug0.

(4) :�aJ X ~= z 
S, �2 X �xUpf<'t1�.�q\X: ;�l{11un�|��
\T\
S$ z 
S [25, EK
6.25].Bi 2.4.5 [45] :�aJ X ' z aJ

W
 i2 : X̃

2 → FP2(X) 't℄�.-i 2.4.6 �UtlaJ X, Dn�I.

(1) FP2(X) '�U_,aJ;

(2) FP2(X) '_�laJ;

(3) X '�laJ
 X �1a#,h�vB'aE�;

(4) AP2(X) '�U_,aJ;

(5) AP2(X) '_�laJ;

(6) �xU n ∈ N, APn(X) '�U_,aJ.



§2.4 �.zT\q\a��5� a 23 �[r MX (3)�(4)�(5) . (6) \^Q�H [46, g� 5.28] kY�..&� 2.4.2, 2.4.3 \, (1) ⇒ (3).

(3) ⇒ (2). F.&� 2.4.2, 2.4.3, FP2(X) $a��5
S. %\ X $ z
S, .&� 2.4.5, C�
i2 : X̃

2 → FP2(X)$�(
. �z Hanai-Morita-Stone g� [24, g� 4.4.17], FP2(X) $�j#
S.rs, (2) ⇒ (1). ZW.o&dK\J>$�s\.'� 2.4.7 � X 'tlaJ
 n ≥ 3. �2aJ FPn(X) (APn(X)) '�U_,�, �w FPn(X) (APn(X)) '_�l<aJu?



a 24 � arR jF7�y~&G<��1l3b



,�W �zgM X �kG8�z�'igM FP2(X)'℄�Y4
2003S, P. Nickolas. M. Tkachenko �t$�.T\q\w'k�h [62],I `,ZC$:� X $WmYK
S, F (X)$ X 	\�.T\q, g F2(X)$

F (X) k 5�.Q5� X \AT1j%3' 2 \C1==^F, K8, F2(X)$w'k
STglT X OX5�k
S.���
S\T\..n�, F. Lin, C. Liu . K. Zhang [47] ZC$: � X $ Hausdorff \ µ 
S, ~& FP2(X) $w'k
S, K8 X OX5�k
S.���
S\T\.. 5$ F. Lin, C. Liu . K. Zhang [47] J>~odK.'� 3.0.1 [47, dK 4.18] ~&T\
S X OX5�k
S.���
S\T\., K8 FP2(X) $w'k
S5?�RZu	1dK, �tT\
S X 	�.zT\q\�
S FP2(X) \w'k�.Ha�b, e>_aN'Q^j#�YT\
S X 	\�.zT\q\�
S FP2(X) HRa= e \��w'�, �xA, �; A. Elfard . P. Nickolas\��e&: [23, g� 3.1], H�b&� 2.4.1; -�xA, �\HarbH3
FP2(X) \w'k�hJ�'+.Harb, �tT\
S X 	\�.zT\q FP (X) \�
S FP2(X)\w'k�, ZC$: t X $WmYK
S Y 7��
S D \T\., H X =

Y ⊕ D, K8 FP2(X) $w'k
STglT FP2(Y ) $w'k
STglT
AP2(X) $w'k
STglT AP2(Y ) $w'k
S (g� 3.2.2, S3 3.2.5).I `, � X OX5� Hausdorff k
S7���
S\T\., K8 FP2(X)$w'k
STglT FP2(X) HRa= e $w'k\ (S3 3.2.3). W}e&'}=M$ F. Lin, C. Liu . K. Zhang [47] J>\	1dK.�RO|j(5
V�ns�\3b “Z. Cai, On local compactness of the

subspace FP2(X) of FP (X), Topol. Appl. 197(2016), 181-188”, H,�bt
[12].
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� 26 S��m �yfL X �jF7�y~&hfL FP2(X) &\�X3
§3.1 FP2(X) R##N'℄�E>S

A. Elfard . P. Nickolas H [23, g� 3.1] kN' fine Q�ee��Y$T\
S X 	\�.zT\q\�
S FP2(X) HRa= e \��w'�, H�b&� 2.4.1, \arb�t FP2(X) \w'k�, �bF_aN'Q^j#�YT\
S X 	\�.zT\q FP (X) \�
S FP2(X) HRa= e \��w'�.t ρ $F X 	\Q^j#g U $ X 	Q�ee�. e>7 ρ $ 5 UQ�e\, ~&l;� ε > 0, KH V ∈ U �ZT (x, y) ∈ V , 1 ρ(x, y) < ε.Bi 3.1.1 �2B X ���>�l ρ '/
 X ���U{S* U �U{�,�w�xU x ∈ X,

ρx : X → R'�oiM�, �� X %d�U{S* U b��:�.[r � y ∈ X g ρx(y) < r. f ε = r− ρx(y). K8 ε > 0. %\ ρ $ 5 U Q�e\, C�KH U ∈ U �ZT (x, y) ∈ U , ρ(x, y) < ε. %G y ∈ intU(y), bk
U(y) = {z ∈ X : (y, z) ∈ U}.�, l;� z ∈ intU(y), 1

ρx(z) = ρ(x, z) ≤ ρ(x, y) + ρ(y, z) = ρx(y) + ρ(y, z) < ρx(y) + ε = r.Ip
ρx : X → R$	���\. ZW.Bi 3.1.2 [25, 36] � {Un}n∈N 'B X ��!/B (reflexive relations) Ln,
�xU n ∈ N,

Un+1 ◦ Un+1 ◦ Un+1 ⊂ Un.�w	k X ���>�l d "��xU n ∈ N,

Un+1 ⊂ {(x, y) : d(x, y) <
1

2n
} ⊂ Un.



§3.1 FP2(X) HRa=\w'��I a 27 �-i 3.1.3 � (X, τ) ':�aJ. �xU ρ ∈ D1(X), |
Uρ(e) = {x−1y : x, y ∈ X, ρ(x, y) < 1} ∪ {yx−1 : x, y ∈ X, ρ(x, y) < 1}.�w {Uρ(e) : ρ ∈ D1(X)} '�?g e k FP (X) ��aJ FP2(X) ��Yz�.[r rs, l;� ρ ∈ D1(X), Uρ(e) ⊂ FP2(X).)q, e>ZC {Uρ(e) : ρ ∈ D1(X) } $Ra= e H FP (X) \�
S

FP2(X) k\Y.� e ∈ U g U H G = FP (X) k$�\. f
O = UL ∩ UR ∩ (X ×X) = {(x, y) ∈ X ×X : x−1y ∈ U g yx−1 ∈ U}.K8.vK 1.2.3, O ∈ FN (τ) . .g# 1.2.2, KH. FN (τ) \=�6\�&

{Un}n∈N �Z U1 = O g&� 3.1.2 \MX6�. %G, KH X 	\Q^j# d�Zl;� n ∈ N,

Un+1 ⊂ {(x, y) : d(x, y) <
1

2n
} ⊂ Un.t

ρ(x, y) = min{2d(x, y), 1},lw! x, y ∈ X . .vK 1.2.5, ρ $ X 	\Q^j#. oA�Z: ρ $ 5 FN (τ) Q�e\. "�	, l;� ε > 0, KH m ∈ N �Z 1
2m

< ε. .
V = Um+2 ∈ FN (τ). ~& (x, y) ∈ V , K8

ρ(x, y) ≤ 2d(x, y) < 2×
1

2m+1
=

1

2m
< ε.Ip.&� 3.1.1,

ρx : X → R$	���\g ρ ∈ D1(X). -V, e>1
{(x, y) ∈ X ×X : ρ(x, y) < 1} = {(x, y) ∈ X ×X : 2d(x, y) < 1}

= {(x, y) ∈ X ×X : d(x, y) <
1

2
}

⊂ U1 = O.



� 28 S��m �yfL X �jF7�y~&hfL FP2(X) &\�X338. Uρ(e) ⊂ U ∩ FP2(X)."�	, � x−1y ∈ Uρ(e). K8 ρ(x, y) < 1, (x, y) ∈ O g x−1y ∈ U . �;`, � yx−1 ∈ Uρ(e). K8 ρ(x, y) < 1, (x, y) ∈ O g yx−1 ∈ U . Ipk�ZW.bH, e>ZC: l;� ρ ∈ D1(X), Uρ(e) H FP2(X) k$�\..vK 1.2.8, b�ZC Uρ(e) = W ∩ FP2(X), bk
W = Bρ̂(e, 1) = {h ∈ FP (X) : ρ̂(e, h) < 1}H FP (X) k$�\.� x−1y ∈ Uρ(e). K8, . ρ̂ \%��,

ρ̂(e, x−1y) = ρ̂(xe, xx−1y) = ρ̂(x, y) = ρ(x, y) < 1g x−1y ∈ W .�;`, � yx−1 ∈ Uρ(e). K8
ρ̂(e, yx−1) = ρ̂(ex, yx−1x) = ρ̂(x, y) = ρ(x, y) < 1g yx−1 ∈ W .Ip, Uρ(e) ⊂W ∩ FP2(X).-�xA, � h ∈ W ∩FP2(X). ~& h = e, rs h ∈ Uρ(e). P� h 6= e. %\ ρ̂(e, h) < 1,.vK 1.2.9,KH"%O\
 s, t ∈ X �Z h = st−1 ? h = s−1t.T h = st−1, 1

ρ(t, s) = ρ̂(t, s) = ρ̂(tt−1, st−1) = ρ̂(e, st−1) = ρ̂(e, h) < 1g h ∈ Uρ(e).�;`, T h = s−1t, 1
ρ(s, t) = ρ̂(s, t) = ρ̂(s−1s, s−1t) = ρ̂(e, s−1t) = ρ̂(e, h) < 1g h ∈ Uρ(e).Ip, W ∩ FP2(X) ⊂ Uρ(e). ZW.
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§3.2 FP2(X) '℄�Y4H�b,e>�+	bk\g� 3.1.3,l�R�Q'�)^J>\dK 3.0.1m�'}=M. e>9����&�.Bi 3.2.1 [41] �2 Y ';�tlaJ X �t�aJ, �w` Y  ��

FP (X) ��� FP (Y,X) k FP (X) �'t�.-i 3.2.2 � X ';�tlaJ Y ee�aJ D �:�7, D X = Y ⊕D.�w FP2(X) 'YzVaJ

W
 FP2(Y ) 'YzVaJ.[r 38 1. . Y �6\ FP (X) \�q FP (Y,X) T\O�5 Y 	\�.zT\q FP (Y )."�	, %\ X = Y ⊕D, C� Y $ X \(�-, H, KH��(

r : X → Y�Zl;� y ∈ Y , r(y) = y. �S r W��OF

r̂ : FP (X) → FP (Y ).%G
r̂|FP (Y,X) : FP (Y,X) → FP (Y )$��\. g#

h : Y → FP (Y,X)�Zl5;� y ∈ Y , h(y) = y. K8(
 h $��\. �S h W��O�
i : FP (Y ) → FP (Y,X)..5

i−1 = r̂|FP (Y,X),5$
i : FP (Y ) → FP (Y,X)$OX.



a 30 �a�R �yfL X �jF7�y~&hfL FP2(X) &\�X3�;3. .k� 1, e>� FP (Y ) . FP (X) \�q FP (Y,X) �6�e\. K8
FP2(Y ) = FP (Y,X) ∩ FP2(X).�z&� 3.2.1, FP2(Y ) H FP2(X) k$�\. 4, w'k�$��E\. %G,

FP2(X) \w'k�E) FP2(Y ) \w'k�.�:3.� FP2(Y )$w'k\.%\ Y H FP (Y )k$�\g Y ⊂ FP1(Y ) ⊂

FP2(Y ), C�
S Y G X = Y ⊕D $w'k\.38 2. FP2(X) H1j\ 2 \;�
$w'k\.� w = xǫ11 x
ǫ2
2 $ FP2(X) k\AT=, bkl i = 1, 2, xi ∈ X g ǫi = ±1;~& x1 = x2,K8 ǫ1 = ǫ2. %\ X $w'k
S, l i = 1, 2,KH xi H X k\k)9 Kxi

. .&� 1.1.7, U ǫ1
1 U

ǫ2
2 $
 w H FP2(X) k\)9, bkl i = 1, 2,T ǫi = 1, Ui = Kxi

; T ǫi = −1, Ui = {xi}. %\ FP (X) $zT\q, .zT\q8CD?\���, C� U ǫ1
1 U

ǫ2
2 $k\.38 3. FP2(X) H1j\ 1 \;�
$w'k\.b�ZC X ∪ X−1 = X ⊕ X−1 $ FP2(X) k\�gw'k\�
S.

X ⊕ X−1 \w'k$�rs\, %\ X−1 $��
S. .&� 2.4.2 \ZC\X X ∪X−1 = X ⊕X−1 H FP2(X) k$�\.38 4. FP2(X) HRa= e $w'k\.N'P�, KHRa= e H FP2(Y ) k\�)9 O �Z O H FP2(Y ) k\�� clFP2(Y )O $k\. �zg� 3.1.3, KH Y 	\Q^j# d �Z d ∈ D1(Y )g
Ud(e) = {x−1y : x, y ∈ Y, d(x, y) < 1} ∪ {yx−1 : x, y ∈ Y, d(x, y) < 1} ⊂ O.rs, Ud(e) H FP2(Y ) k\�� clFP2(Y )Ud(e) �$k\. v!

X ×X = (Y × Y )⊕ (Y ×D)⊕ (D × Y )⊕ (D ×D).�Y X 	\Q^j# ρ : X ×X → R 6�:

ρ(y1, y2) = d(y1, y2), lw! y1, y2 ∈ Y ;

ρ(x, y) = ρ(y, x) = 1, lw! x ∈ D, y ∈ Y ;

ρ(x1, x2) = 1, l;l%O\
 x1, x2 ∈ D.



§3.2 FP2(X) \w'k� a 31 �K8 ρ ∈ D1(X). %\
FP2(Y ) = FP (Y,X) ∩ FP2(X) ⊂ FP2(X),C�

Uρ(e) = {x−1y : x, y ∈ X, ρ(x, y) < 1} ∪ {yx−1 : x, y ∈ X, ρ(x, y) < 1} = Ud(e)..5
clFP2(X)Ud(e) ⊂ FP2(Y ),5$

clFP2(X)Uρ(e) = clFP2(X)Ud(e) = (clFP2(X)Ud(e)) ∩ FP2(Y ) = clFP2(Y )Ud(e).Ip
S FP2(X) H e �$w'k\.�^, .k� 2�3�4, FP2(X) $w'k
S. ZW.�zg� 3.2.2 \ZC, e>�H1o&S3.�q 3.2.3 � X 7�
U Hausdorff VaJeUe�aJ�:�7. �w
(1) aJ FP2(X) kxUy7
�?g e ��'YzV�.

(2) FP2(X) 'YzVaJ

W
 FP2(X) k�?g e 'YzV�.Bi 3.2.4 [47]� X ':�aJ, �w FP2(X)'YzVaJ

W
 AP2(X)'YzVaJ.�q 3.2.5 � X ';�tlaJ Y ee�aJ D �:�7, D X = Y ⊕D.�wDn�I.

(1) FP2(X) 'YzVaJ;

(2) FP2(Y ) 'YzVaJ;

(3) AP2(X) 'YzVaJ;

(4) AP2(Y ) 'YzVaJ.�4, e>J"�1k\dKe3�R.'� 3.2.6 �2 X 'VaJ, �xU#&s, n, aJ FPn(X) 'YzV�u?'� 3.2.7 � X ':�aJ. �2 FP2(X) 'YzVaJ, aJ FP3(X) 'YzV�u?
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,�W kG8�z�e?0��gM'b��.T\qk�}I.
S~h5
S�Arens 
S��&
S^\����t [19, 43, 68]. I `, K. Eda�H. Ohta . K. Yamada [19, g� 2.6] ZC$: � X $WmYK
S, P $<?�e�\h5
S, g P $a��5\?k\, K8 X 	\�. Abel T\q A(X) �) P \���TglT X 	\�.T\q F (X) �) P \���TglT X �) P \���. E. Ordman. B. Smith-Thomas [68] ZC$o&e&: ~&WmYK
S X 	\�.T\q F (X) $ Fréchet \, K8
S X $��\.�RH3�.zT\qk�}I.
S~<?�e�\h5
S (densely

self-embeddable prime space)�Arens 
S��&
S^\��, !�6�.zT\q\ Fréchet �, S!�.T\q\w e3.Ha�b, Y�$�.zT\qk\��OXg�, HZC$: t X $T\
S, K8l;�YX5 n, AP (X) \�
S Cn(X) = APn(X) \APn−1(X) OX5 n Hl4� (X ⊕ −Xd)
n/Sn \��
S (g� 4.1.3). 
\g� 4.1.3 \'+, e>Y�$��WmYK
S	\�. Abel zT\q 5<?�e�h5
S (densely self-embeddable prime space) \e�g�, H: t X $WmYK
S, g� P ${1 q 
\<?�e�\h5
S, K8 AP (X) �) P \���TglT FP (X) �) P \���TglT X �) P \��� (S3

4.1.7), WS!$ [19, g� 2.6] W�. (Abel) zT\q.Harb, ;}�+ Arens 
S S2 H3�.zT\q\�&
S�hG
Fréchet �, ZC$: l�T\
S X , ~& FP (X) ? AP (X) $ Fréchet \, K8 X $��\. WS!$ E. Ordman . B. Smith-Thomas [68]  5�.T\q\w'e3.�RO|j(5
V�'*℄,./C℄,�n2+\3b “Z. Cai, S. Lin,

C. Liu, Copies of special spaces in free (Abelian) paratopological groups, Houst.

J. Math., Accepted”, H,�bt [16].

§4.1 kG8�z�e'?=�w.jF}DE
A. Arhangel’skǐı Hb [4, 5] kZC$o&g�.
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a 34 � a9R �.zT\qk�}I.
S\��-i 4.1.1 � F (X) (A(X)) w%;�tlaJ X ���`:�� (�` Abel:��). �xU#&s, n, Fn(X) (An(X)) w% F (X) (A(X)) �/
�`� X �iK}� ≤ n �1ag0����aJ. �w, �xUts, n,

(1) A(X) ��aJ An(X) \ An−1(X) 7�
 n ��~z (X ⊕ −X)n/Sn�U�aJ [4];

(2) F (X) ��aJ Fn(X) \ Fn−1(X) 7�
 X̃n �U�aJ, �� X̃ ':�7 X ⊕ {e} ⊕X−1 [5].g� 4.1.1(2) �S!W�.zT\q, V&� 1.1.3(1).%G, �sdg� 4.1.1(1) P�S!W�. Abel zT\q? H�b, e>lW�dK�>YA\=M, H, ZC: l;�YX5 n, AP (X) \�
S
APn(X)\APn−1(X) OX5 nHl4� (X⊕−Xd)

n/Sn \��
S, bk −Xd�� AP (X) \���
S −X . 
\b'+, e>9ZZC: ~& X $WmYK
Sg P ${1 q 
\<?�e�\h5
S (densely self-embeddable

prime space), K8 AP (X) �) P \���TglT FP (X) �) P \���TglT X �) P \���, WS!$ [19, g� 2.6] W�. (Abel) zT\q. )q, =" n Hl4� [10] \g#.-� 4.1.2 � X ':�aJ
 Sn ' n = {0, ..., n− 1} �1a|=vB, ��
n '�Uts,. �ZB Xn ���I/B ∼ �D:��Y u = (u(0), ..., u(n− 1)), v = (v(0), ..., v(n− 1)) ∈ Xn, q u ∼ v 

W
	k|= ϕ ∈ Sn "��xU k < n, u(k) = v(ϕ(k)).� Xn/Sn w% ∼ �1a�IdvB
�Z℄�

q : Xn → Xn/Sn"��xU u ∈ Xn, q(u) = [u] ∈ Xn/Sn. |
τ = {O ⊂ Xn/Sn : q−1(O) k Xn �'\�}.�aJ (Xn/Sn, τ) R
 X � n Hl4�.



§4.1 �.zT\qk\��OXg�Gb'+ a 35 �.	1g#%N�Z: l;� [(x0, ..., xn−1)] ∈ Xn/Sn,

{[U0 × · · · × Un−1] : Ui $ xi H X k\)9 , 0 ≤ i ≤ n− 1}$
 [(x0, ..., xn−1)] H
S Xn/Sn k\)9�, bk
[U0 × · · · × Un−1] = {[(y0, ..., yn−1)] : yi ∈ Ui, 0 ≤ i ≤ n− 1}.sH, e>Y��. Abel zT\q\OXg��S!g� 4.1.1(1).-i 4.1.3 � X ':�aJ. �w�xUts, n, AP (X) ��aJ

Cn(X) = APn(X) \ APn−1(X)7�
 n ��~z (X ⊕−Xd)
n/Sn �U�aJ.[r g#

f : (X ⊕−Xd)
n/Sn → APn(X)�Zl;� [(ǫ0x0, ..., ǫn−1xn−1)] ∈ (X ⊕−Xd)

n/Sn,

f([(ǫ0x0, ..., ǫn−1xn−1)]) = ǫ0x0 + · · ·+ ǫn−1xn−1,bkl i = 0, ..., n− 1, xi ∈ X , ǫi = ±1. | �W f �!,g#.38 1. ug(

f |f−1(Cn(X)) : f

−1(Cn(X)) → Cn(X)$��\.� [(ǫ0x0, ..., ǫn−1xn−1)] ∈ f−1(Cn(X)) g V ∩ Cn(X) $
 ǫ0x0 + · · · +

ǫn−1xn−1 H Cn(X) k\�)9, bk V H APn(X) k$�\. .&� 1.1.8, l
i = 0, ..., n− 1, KHF Ui ⊂ X �Z

ǫ0U0 + · · ·+ ǫn−1Un−1 ⊂ V,bkT ǫi = 1, Ui $ xi H X k\)9; T ǫi = −1, Ui = {xi}. W�
f([ǫ0U0 × · · · × ǫn−1Un−1] ∩ f

−1(Cn(X))) ⊂ V ∩ Cn(X).



a 36 � a9R �.zT\qk�}I.
S\��%\ [ǫ0U0 × · · · × ǫn−1Un−1] $ [(ǫ0x0, ..., ǫn−1xn−1)] H
S (X ⊕−Xd)
n/Sn k\)9, C�(
 f |f−1(Cn(X)) ��.38 2. ug(


f |f−1(Cn(X)) : f
−1(Cn(X)) → Cn(X)$OX\.\ZCk� 2, b��Zo&k� 2.1�2.2�2.3.38 2.1. f |f−1(Cn(X)) $6
.lw� w = ǫ0x0 + · · ·+ ǫn−1xn−1 ∈ Cn(X), rs

[(ǫ0x0, ..., ǫn−1xn−1)] ∈ f−1(Cn(X))g
f([(ǫ0x0, ..., ǫn−1xn−1)]) = w.Ip f |f−1(Cn(X)) $6\.38 2.2. f |f−1(Cn(X)) $R
.lw!"


[(ǫ0x0, ..., ǫn−1xn−1)], [(η0y0, ..., ηn−1yn−1)] ∈ f−1(Cn(X)),~&
f([(ǫ0x0, ..., ǫn−1xn−1)]) = f([(η0y0, ..., ηn−1yn−1)]),K8
ǫ0x0 + · · ·+ ǫn−1xn−1 = η0y0 + · · ·+ ηn−1yn−1..�. Abel zT\q AP (X) \g#, KHf; ϕ ∈ Sn �Zl;� k < n,

ǫkxk = ηϕ(k)yϕ(k),

(ǫ0x0, ..., ǫn−1xn−1) ∼ (η0y0, ..., ηn−1yn−1),g
[(ǫ0x0, ..., ǫn−1xn−1)] = [(η0y0, ..., ηn−1yn−1)].W�C f |f−1(Cn(X)) $R
.



§4.1 �.zT\qk\��OXg�Gb'+ a 37 �38 2.3. f |f−1(Cn(X)) $�(
.� O $ f−1(Cn(X)) \w���F. e>ZC f(O)H Cn(X) k$�\. P� [(ǫ0x0, ..., ǫn−1xn−1)] ∈ O. 
j (X ⊕−Xd)
n/Sn \��F V �Z

O = V ∩ f−1(Cn(X)).K8
f(O) = f(V ) ∩ Cn(X).l i = 0, ..., n− 1, KHF Ui ⊂ X �Z

[ǫ0U0 × · · · × ǫn−1Un−1] ⊂ V,bkT ǫi = 1, Ui $ xi H X k\)9; T ǫi = −1, Ui = {xi}. %\ X $ T1 
S, %yP�, ~& ǫi = 1 g ǫj = −1, K8 xj 6∈ Ui. Ip,

ǫ0x0 + · · ·+ ǫn−1xn−1 ∈ ǫ0U0 + · · ·+ ǫn−1Un−1 ⊂ f(O)..&� 1.1.8, f(O) $ f([(ǫ0x0, ..., ǫn−1xn−1)]) H Cn(X) k\)9, H, f(O) H
Cn(X) k$�\. ZW.
\g� 4.1.3 \'+, e>��Y���WmYK
S	\�. Abel zT\q 5<?�e�h5
S (densely self-embeddable prime space) \e�g�. ="I�w \	U.-� 4.1.4 [8] :�aJ X ~=<?�e�\ (densely self-embeddable), �2
X �xU#a\Bp4 X �U^r.rs, ~&T\
S X d�)1"�
g$<?�e�\, K8 X :1��
.-� 4.1.5 [8] :�aJ P ~=h5
S (prime space), �2��Y:�aJ
X 7 Y , X × Y p4 P �U^r, �w>o X >o Y p4 P �U^r.Bi 4.1.6 [19, }4 2.1] � X ';�tlaJ. � P '�y�	��~,aJ
~ n ��~z Xn/Sn p4 P �U^r, �� n ≥ 1. �waJ X s�p4 P �U^r.



� 38 S �.m �`":���UH3*aJ�^rT\
S X \�
 x 4\ q � [58], ~& x 1��)9�& {Um}m<ω {1�h: �l;� m < ω, xm ∈ Um, K8 {xm : m < ω} �)5 X \G��5k�F. W�\�& {Um}m<ω 4\ q 
 x \ q Ln. rs, ;�a��5
S?�5k
S{1 q 
.o&S3 4.1.7 S!$ [19, g�2.6] W�. (Abel) zT\q.�q 4.1.7 � X ';�tlaJ. � P 'Za q ���y�	��~,aJ.�wDn�I.

(1) AP (X) p4 P �U^r;
(2) FP (X) p4 P �U^r;
(3) X p4 P �U^r.[r (3) ⇒ (1), (2). W$rs\.

(1) ⇒ (3). � AP (X) �) P \���. %����, P� P d�)1"�
g$ AP (X) \�
S. t {Um}m<ω $� q 
H
S P \ q �&. K8KH m0, n0 < ω �Z Um0
⊂ APn0

(X). �K, lw! m,n < ω, 1 Um 6⊂ APn(X).I `, l;� m < ω, 
j xm ∈ Um \ APm(X). W� {xm : m < ω} �)5
P \G��5k�F. .&� 1.1.6, {xm : m < ω} ⊂ APk(X), lG�YX5 k.7m. %\
S P $<?�e�\, C� Um0

�) P \���, Ip APn0
(X)�) P \���.sH, . n$�Z APn(X)�) P \���\�{YX5. %\ APn−1(X)H AP (X)k$�\g P $<?�e�\, . n\
J,C� APn(X)\APn−1(X)�) P \���. �zg� 4.1.3, (X ⊕ −Xd)

n/Sn �) P \���. .&�
4.1.6, X ⊕−Xd �) P \���. %\
S P :1��
, C� X �) P \���.

(2) ⇒ (3). .&� 1.1.3(1), bZC7 “(1) ⇒ (3)” �;. ZW.�q\X, �~,� [8, 19], 
S R�Q�R \Q�βω \ω�2κ h$<?�e�\h5
S, g βω \ ω �) βω \���, bkE>~�6N0T\g κ $w�gu�5.�q 4.1.8 � X ';�tlaJ
 P 'pHaJ R�Q�R \Q�βω\ω�2κ�βω��YU(. �wDn�I.



§4.2 �.zT\q\ Fréchet � a 39 �
(1) AP (X) p4 P �U^r;
(2) FP (X) p4 P �U^r;
(3) X p4 P �U^r.

§4.2 kG8�z�' Fréchet 4T\
S X 4\ Fréchet 
S [26], ~&l;� A ⊂ X G;� x ∈ A, KH. A k\
�6\�& {xn}n∈N ( 5 x. rs, ;� Fréchet 
S$�&
S.-� 4.2.1 [2] �
X = {0} ∪ N ∪ N2.

NN w%1a� N � N 5,vB. �xU n,m, k ∈ N, |
V (n,m) = {n} ∪ {(n, k) : k ≥ m}.�xU x ∈ N2, |

B(x) = {{x}}.�xU n ∈ N, |
B(n) = {V (n,m) : m ∈ N}.�

B(0) = {{0} ∪
⋃

n≥i

V (n, f(n)) : i ∈ N, f ∈ NN}.`pfB {B(x)}x∈X  ��:�aJ X ~= Arens aJxE= S2.%N�Z S2 $�&
S, S%$ Fréchet 
S.Bi 4.2.2 � X ';�tlaJ.

(1) � L = {xn}n∈N ' FP (X) ��(j
�?g e �#� Ln. �w�xU p ∈ N, 	k q ∈ N�y ∈ X ∪ X−1 C {xn}n∈N ��Ln {xnk
}k∈N "�

{yqxnk
y−q}k∈N (j
 e, 
�xU k ∈ N, a l(yqxnk

y−q) > p.

(2) � L = {xn}n∈N ' AP (X) ��(j
�?g 0 �#� Ln. �w�xU p ∈ N, 	k(j
�?g 0 �Ln {yn}n∈N "��xU n ∈ N, a
l(yn) > p.
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S\��[r (1) .&� 1.1.6, L ⊂ FPm(X), lG m ∈ N. %����, e>P�, l;� n ∈ N, l(xn) = s lG s ≤ m. l;� n ∈ N, K xn = xn,1 · · ·xn,s, bk
xn,1, ..., xn,s ∈ X ∪X−1. | �W: ?V

|{n : xn,1 ∈ X}| = ω?V
|{n : xn,1 ∈ X−1}| = ω.%����, P�l;� n ∈ N, xn,1 ∈ X . ~&lG� x0 ∈ X ∪X−1,

|{n : xn,s = x0, n ∈ N}| = ω,
j y ∈ X �Z� x0 ∈ X , y 6= x0; � x0 ∈ X−1, y = x−1
0 . . {xnk

}k∈N $
L \��&6�l;� k ∈ N, 1 xnk,s = x0. 
j q > p, K8 {yqxnk

y−q}k∈N( 5 e gl;� k ∈ N, 1 l(yqxnk
y−q) = 2q + s > p. �K, KH L \��& {xnk

}k∈N �Z� i 6= j, K xni,s 6= xnj ,s. � xn1,s ∈ X , . y = xn1,s; �
xn1,s ∈ X−1, . y = x−1

n1,s
. 
j q > p, K8KH {xnk

}k∈N \��& {xnkj
}j∈N�Z {yqxnkj

y−q}k∈N ( 5 e gl;� j ∈ N, 1 l(yqxnkj
y−q) = 2q+ s > p. ZW.

(2) .&� 1.1.6, L ⊂ APm(X), lG m ∈ N. %����, e>P�, l;� n ∈ N, l(xn) = s lG s ≤ m. �g p ∈ N, 
j k ∈ N �Z k × s > p. l;� n ∈ N, t yn = kxn, K8 l(yn) > p. . AP (X) k8CD?\���, �&
{yn}n∈N ( 5Ra= 0. ZW.Bi 4.2.3 [41, �f 3.11] � X ';�tlaJ
 C ' FP (X) ��Y�B.�2�xU n ∈ N, C ∩ FPn(X) 'aE�, �w C ' FP (X) �te��B.d/�O� AP (X) �h.-i 4.2.4 � X ';�tlaJ. �2 FP (X) p4U#� �(jLn, �w FP (X) p4 S2 �Ut^r. d/�O� AP (X) �h.[r ~& FP (X) �)�|[u\( �&, K8KH�|[u\( 5Ra= e \�& L = {xn}n∈N. .&� 1.1.6, KH n0 ∈ N, �Z L ⊂ FPn0

(X),WE)l;� n ∈ N, l(xn) ≤ n0. .&� 4.2.2, KH( 5Ra= e \�



§4.2 �.zT\q\ Fréchet � a 41 �& {tk}k∈N �Z;� tk \1jN5 2n0. W� {x1tk}k∈N ( 5 x1, gl;�
k ∈ N, l(x1tk) > n0. l;� k ∈ N, t y1,k = x1tk. f L1 = {y1,k}k∈N. FH.&� 1.1.6, 
j n1 ∈ N �Z L1 k;�=\1j{5 n1. N'#L, 
j�&
{ni}i∈N G�& {Li}i∈N, bk n1 < n2 < ..., Li = {yi,k}k∈N ( 5 xi glw!
i, k ∈ N, ni−1 < l(yi,k) < ni. f

S = {e} ∪ {xn : n ∈ N} ∪ {yn,k : n, k ∈ N}.38. S H FP (X) k$�\gOX5 S2.. f ∈ NN. .&� 4.2.3, F ⋃
n∈N{yn,k : k < f(n)} H FP (X) k$���\. K8l;� i ∈ N, F

{e} ∪
⋃

n≥i

{xn} ∪ {yn,k : k ≥ f(n)}$ e H S k\�)9. | �W: l;� n ∈ N, {xn} ∪ {yn,k : k ≥ f(n)} H Sk$�\glw! n, k ∈ N, {yn,k} H S k$�\. Ip
S S OX5 S2.sHe>ZC S H FP (X) k$�\. P� p 6∈ S. %\ X $WmYK\,.&� 1.1.5, FP (X) $ Hausdorff 
S. .5 {e} ∪ {xn : n ∈ N} $k\, KH
FP (X) \�F U G V �Z

p ∈ U, {e} ∪ {xn : n ∈ N} ⊂ V g U ∩ V = ∅.IpKH f ∈ NN �Z
{e} ∪

⋃

n∈N

{xn} ∪ {yn,k : k ≥ f(n)} ⊂ V.t
W = U \

⋃

n∈N

{yn,k : k < f(n)}..&� 4.2.3, F W $ p H FP (X)k\�)9g W ∩S = ∅, mp S H FP (X)k$�\. 5 AP (X) \h�, ZC�;. ZW.�q 4.2.5 � X ';�tlaJ. �2 FP (X) 'LnaJ, �w>o X e�>o FP (X) p4 S2 �Ut^r. d/�O� AP (X) �h.
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S\��[r ~& X %��, K8 FP (X) �%$��\. %\ FP (X) $�&
S, C� FP (X) �)�|[u\( �&. N'g� 4.2.4, FP (X) �) S2 \����.  5 AP (X) \h�, ZC�;. ZW.�q 4.2.6 � X ';�tlaJ. �2 FP (X) > AP (X) ' Fréchet aJ, �waJ X 'e��.�4, e>J��dKe3�R.'� 4.2.7 � X ';�tlaJ. .� n ∈ N. �8`;:�aJ X "�
FPn(X) (APn(X)) ' Fréchet aJ?



,*W kG8�z�' MP )K4
1945 S, �.T\q\ M ^Q��&m. "�WmYK\T\
S X .

Y 4\ M �I� [57], ~& X 	\�.T\q F (X) . Y 	\�.T\q
F (Y ) $T\O�\. "�WmYK\T\
S X . Y 4\ A �I� [57], ~& X 	\�. Abel T\q A(X) . Y 	\�. Abel T\q A(Y ) $T\O�\. 1945 S�, A. Markov [57], M. Graev [29], V. Pestov [70], M. Tkachenko

[80], A. Arhangel’skǐı . M. Tkachenko [8] ^vq4�t$�.T\q\ M ^Q�. A ^Q�, >Z$�m&n�6&. I `, �"�WmYK\T\
S
X . Y $ A ^Q\, ~& X $^k\, K8 Y �$^k\ [29]. � P $�E\��5�O\T\�h, g X . Y $ M ^Q\WmYK
S, ~& X {1�h P, K8 Y �{1�h P [70].�I 2002 S�.zT\q&m��, �g"�T\O�\�.zT\q
FP (X) . FP (Y ), w=GHb�_ X . Y \T\�h^S\�m\�t3bdjxs:1d!. �s, W$��|0n�\	K. �RZe�5W	K\�t. Ha�b, N'�I���, e>)qZC"�T\O�\�.zT\q�b�_|OX\KH� (g� 5.1.11).Harb, H3H�g"�T\O�\�.zT\q FP (X) . FP (Y ) \MXo, �_ X . Y \T\�h\�:�. ZC$^k���E Lindelöf ���E�}��cosmic 
S�h^$ MP %��h. H, �"�WmYK
S X. Y $ AP ^Q\, ���`, MP ^Q\, ~& Y $^k\, K8 X �$^k\ (g� 5.2.6), WS!$ M. Graev [29]  5�.T\q\w'e3. t X. Y $ MP ^Q\T\
S, ~& X $�E Lindelöf 
S, K8 Y �$�E
Lindelöf 
S; ~& X $�E�}
S, K8 Y �$�E�}
S; ~& X $
cosmic 
S, K8 Y �$ cosmic 
S (S3 5.2.12), WTP$ V. Pestov [70] 5�.T\q\w e&.�RO|j(5
V.'*℄,�nW6\3b “Z. Cai, S. Lin, MP -

equivalence of free paratopological groups, submitted”, H,�bt [14].

43



a 44 � ahR jF7�y~& MP (J3
§5.1 k=�z�>'kG8�z�Æ}E*9�w'"R4\
1\T�, q&mI�	U.-� 5.1.1 k(:�aJ X 7 Y ~= MP ^Q\, �2 FP (X) 7 FP (Y )':�7*�.-� 5.1.2 k(:�aJ X 7 Y ~= AP ^Q\, �2 AP (X) 7 AP (Y ) ':�7*�.-� 5.1.3 � P ':�K~. �:�aJ X ZaK~ P, �2eaJ X '
MP �I� (AP �I�) xU:�aJ Y �ZaK~ P, �w~ P ' MP %�\ (AP %�\).rs, "�OX\T\
S$ MP ^Q\, �b\r�wi$ZZCbR%6� (Vg� 5.1.11).te>="I�w 	U.t P $T\
S X \�
. 
S X . P [� [32], ?V
S X . P  � [8], ~& U ⊂ X H X k$�\ (�\) TglTl;� P ∈ P, U ∩ P H Pk$�\ (�\). ~&T\
S X P��\bL\kF& {Xn}n∈N \!, g.
{Xn : n ∈ N} }g, K8 X 4\ kω aJ [27] g4 X = ∪{Xn : n ∈ N} $ X\ kω $T. ~& X . Y h$ Hausdorff \ kω 
S, K8 X × Y �$ kω 
S
[48]. %N�Z: ~& ∪{Xn : n ∈ N} $T\
S X \ kω }fg K $ X \k�F, K8KHG n �Z K ⊂ Xn.e>��I�&�.Bi 5.1.4 � ∪{Xn : n ∈ N} '5, Hausdorff �_, kω aJ X � kω $T.�w FP (X) ` {FP (Xn, X) : n ∈ N} [�, ��xU FP (Xn, X) w%` Xn �� FP (X) ���.[r K X = {xn : n ∈ N}. l;� n ∈ N, t

Hn = {xi : i ≤ n}
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En = {x−1

i : i ≤ n}.rs, l;� n ∈ N, KH mn ∈ N �Z Hn ⊂ Xmn
. %����, l;� i ∈ N,P� mi < mi+1. f

Y = X ∪X−1gl;� n ∈ N,

Yn = En ∪Xmn
..&� 1.1.4, 
S X−1 $��\, C�
S Y . {Yn : n ∈ N} }g. l;�

n ∈ N, f
Kn = tn((Yn ∪ {e})n),bk tn ��I (FP (X))n W FP (X) \8C(
, 5$N' Yn \k�G(


tn \���, Z Kn $k\. rs,

FP (X) = ∪{Kn : n ∈ N}.38. 
S FP (X) . {Kn : n ∈ N} }g.. τ $ FP (X) \>�T\. HF Fa(X) 	g#�T\ τ ∗ ~o. Fa(X) \�F O ∈ τ ∗ TglTl;� n ∈ N, O ∩Kn H Kn k$�\, bk;� Kn �6 (FP (X), τ) \�
ST\. rs, τ ⊂ τ ∗ gl;� n ∈ N, τ |Kn
= τ ∗|Kn

. e>ZZC (Fa(X), τ ∗) $zT\q, H, 8C(

op2 : (Fa(X), τ ∗)× (Fa(X), τ ∗) → (Fa(X), τ ∗)$��\. "�	, P� C $ (Fa(X), τ ∗) × (Fa(X), τ ∗) \w�k�F. K8

C ⊂ C1 × C1, bk C1 $ (Fa(X), τ ∗) \G�k�F. %\ (Fa(X), τ ∗) $ kω 
S, C� C1 ⊂ Kn0
lG n0, Ip

op2(C) ⊂ op2(C1 × C1) ⊂ op2(Kn0
×Kn0

) ⊂ K2n0
.4 (Fa(X), τ) $zT\q, C�

op2|(C,τ×τ |C) : (C, τ × τ |C) → (K2n0
, τ |K2n0

)$��\. �z^�
τ × τ |C = τ ∗ × τ ∗|C
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τ |K2n0

= τ ∗|K2n0
,(


op2|(C,τ∗×τ∗|C) : (C, τ
∗ × τ ∗|C) → (K2n0

, τ ∗|K2n0
)��. %\ X $+5 Hausdorff \, (FP (X), τ) $ Hausdorff (&� 1.1.5). W�

(Fa(X), τ ∗)× (Fa(X), τ ∗) $ Hausdorff kω 
S. . [24, g� 3.3.21],

op2 : (Fa(X), τ ∗)× (Fa(X), τ ∗) → (Fa(X), τ ∗)��.sH, � A ⊂ Y g A ∈ τ ∗|Y . K8KH (Fa(X), τ ∗) \��F O �Z
A = O ∩ Y , Ipl;� n ∈ N, . Yn ⊂ Kn, Z

A ∩ Yn = O ∩ Y ∩ Yn = O ∩ Yn ∈ τ ∗|Yn
= τ |Yn

.%G A ∈ τ |Y g τ ∗|Y = τ |Y , 5$ τ ∗|X = τ |X . .vK 1.1.2, FP (X) \T\ τ$ Fa(X) 	3V X \>�T\\�n\zT\qT\, K8 τ ∗ = τ . k�ZW.rs, l;� n ∈ N,

Kn ⊂ FP (Xmn
, X),.k�,� FP (X). {FP (Xmn

, X) : n ∈ N}}g,^Q`, FP (X). {FP (Xn, X) :

n ∈ N} }g. ZW.f 5.1.5 \f 5.1.4 'Xm N. Pyrch �U(�QS2 [71, �f 2]: �2 X '5, Hausdorff �_, kω aJ, �w FP (X) ' kω aJ.| �Zo&"�&�.Bi 5.1.6 � (G, τ1) e (G, τ2) �'":��, Y ⊂ G 
 τ1|Y = τ2|Y . �w�xU a ∈ G, a τ1|aY = τ2|aY .Bi 5.1.7 � ϕ '� G �� H �v72. �2 (G, τ) '":��, �w (H, σ)'":��, �� σ = {ϕ(V ) : V ∈ τ}.



§5.1 k(:�7*��`":��"���#7��	kK � 47 Se>&m�.zT\q\T\�\	U, E$H3�.zT\q MP ^Q�|01+\�{.T\
S X 	\�.zT\q FP (X) \�
S Y 4\ FP (X) \:��, ~& Y $ FP (X) \�.Q5�1 g�.q Fa(X) 	\3V Y \>�T\\�n\zT\qT\7 FP (X)\T\�e. Abel h�\T\��;g#. I `, .vK 1.1.2, FP (X) (AP (X)) \�
S X $ FP (X) (AP (X)) \T\�.Bi 5.1.8 �2 Y ':�aJ X ���`":�� FP (X) �:��, �w
X 7 Y ' MP �I'�. d/�O� Abel �b�h.[r .

i : Y → FP (X)$2^��(
. �S(
 i W��OF
î : FP (Y ) → FP (X).%\ Y $ FP (X) \�.Q5�, C� î : FP (Y ) → FP (X) $O�. t τ . T���� FP (Y ) . FP (X) \>�T\. H Fa(X) 	g#�T\
σ = {̂i(U) : U ∈ τ}..&� 5.1.7, (Fa(X), σ) $zT\q. | �W:

î : (FP (Y ), τ) → (Fa(X), σ)$OX. mp, τ |Y = σ|Y , H, σ 3V Y 	\>�T\. %\ Y $ FP (X) \T\�, C� T ⊃ σ, Ip
î : (FP (Y ), τ) → (FP (X), T )$�(
. �,

î : (FP (Y ), τ) → (FP (X), T )$T\O�, H, X . Y $ MP ^Q\.

Abel h��;ZC. ZW.

1Y # FP (X) [�_
+?, }% Y P4�5 Fa(X) fG Fa(X) j, E Y [<<℄R90P4�l.



a 48 � ahR jF7�y~& MP (J3f 5.1.9 U(:�aJ X ���`":�� FP (X)�xU:�� Y k FP (X)�'t�. d/�O� Abel �b�h.&!�, `\f 5.1.8, 9�iM℄�
i : Y → FP (X)�
n�:�7*

î : FP (Y ) → FP (X).`\f 1.1.4, Y k FP (Y ) �'t�, �� î(Y ) = Y k FP (X) �'t�. Abel�bd/u|.-� 5.1.10 [6] �
X = {0} ∪ N2.

NN w%� N � N �1a5,vB. ��Y n,m, k ∈ N, |
W (n,m) = {(n, k) : k ≥ m}.�xU x ∈ N2, |

B(x) = {{x}}.�
B(0) = {{0} ∪

⋃

n∈N

W (n, f(n)) : f ∈ NN}.`pfB {B(x)}x∈X  ��:�aJ X, ~=�5�
SxE= Sω.-i 5.1.11 � {Ci : i ∈ N} ':yGP�(jLn���_,
, ��xU
Ci = {xi} ∪ {xi,j : j ∈ N}7�
!wF R ��aJ {0} ∪ { 1

n
: n ∈ N}, 
 {xi,j}j∈N (j
 xi. �w:�7aJ X =

⊕
i∈N Ci e_,�aJ Sω ' MP �I�.[r 
S X ${1 kω }f X = ∪{Dn : n ∈ N}\�j#7\�5 kω 
S,bkl;� n ∈ N, Dn =

⋃
i≤n Ci. .&� 5.1.4, FP (X) . {FP (Dn, X) : n ∈ N}}g. f
Y = {xi : i ∈ N} ∪

⋃

i∈N

x1x
−1
i Ci.



§5.1 "�T\O�\�.zT\q�b�_|OX\KH� a 49 �rs, Y �$ FP (X) \�.Q5�, %\ X $ FP (X) \�.Q5�. e>ZZC: Y $ FP (X) \T\�. t τ ′ $�.q Fa(X) 	3V Y \>�T\\�nzT\qT\. rs, τ ′ n5 FP (X) \T\ τ g τ ′|Y = τ |Y . .&� 5.1.6,l;� i ∈ N, τ ′|Ci
= τ |Ci

. %\ X =
⊕

i∈N Ci, C�
idX : (X, τ |X) → (X, τ ′|X)��, mp τ ′|X = τ |X . .vK 1.1.2, τ ′ = τ , H, Y $ FP (X) \T\�. .&�

5.1.8, X . Y $ MP ^Q\. �o�Z: Y OX5
S Sω.l;� i ∈ N, . Li = x1x
−1
i Ci. f

Y0 =
⋃

i∈N

Li.%\ FP (X) $zT\q, C�l;� i ∈ N, Li ( 5 x1. rs, lw!%O\
i, j ∈ N, 1

Li ∩ Lj = {x1}.%\ X $+5 Hausdorff \, FP (X) $ Hausdorff \ (&� 1.1.5). %Gl;�
n ∈ N,

Y0 ∩ FP (Dn, X) =
⋃

i≤n

Li$ FP (X)\k�F. K8 Y0H FP (X)k$�\,%\ FP (X). {FP (Dn, X) :

n ∈ N} }g. Ip Y0 . {
⋃

i≤n Li : n ∈ N} }g. �, Y0 OX5 Sω..&� 1.1.4, (X \ {x1,j : j ∈ N}) ∩ Y = {xi : i ∈ N} H Y k$�\. rs,

Y0 ∩ {xi : i ∈ N} = {x1}.%\ X \�
S D = {xi : i ∈ N} $��
S, C�
Y = Y0 ⊕ {xi : i ≥ 2}.mp, 
S Y OX5 Sω. ZW.f 5.1.12 �XPu: aJ Sω Fy'YzVRy'�U_,�. [�, MP �IKyq�YzVK, �U_,K>_�lK.
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§5.2 kG8�z�' MP ��4H�b, e>r��tT\�h~^k���E Lindelöf ���E�}��cosmic 
S�h^\ MP %��.)q, e>ZC MP ^Q\T\
S�$ AP ^Q\.Bi 5.2.1 [8, }4 1.5.12] q G 7 H �'":��,

p : G→ H':�7*. �2 G0 ' G �yv��
 H0 = p(G0), �w�� G/G0 7 H/H0':�7*�.Bi 5.2.2 [8, �f 1.5.13] q G 7 H �'":��,

p : G→ H'\�iMv72
 N '72 p �6. �w℄�
φ : G/N → H':�7*, ���xU x ∈ G, φ(xN) = p(x).-i 5.2.3 MP �I�:�aJ X 7 Y �' AP �I�.[r P�KHT\O�

h : FP (X) → FP (Y ).

KX . KY ���� FP (X) . FP (Y ) \V>�q2 . rs, h(KX) = KY . .&� 5.2.1, �q FP (X)/KX $ FP (Y )/KY T\O�\. \ZC�g�, sb�ZCo&k�.38. AP (X) T\O�5 FP (X)/KX."�	, .
idX : X → X

2��p G [Æ��Æ (derived subgroup) G′ [75] #-B0:`~ x−1y−1xy �5[ G[~p, aj x, y ∈ G. G [U=~p G′ # G [$�~p.
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, �S(
 idX W��6OF
ϕ : FP (X) → AP (X).rs, OF ϕ \-^5 KX . e>ZZC ϕ $�(
. �z&� 5.1.7, HF

Aa(X) 	, g#�\zT\qT\
σ = {ϕ(U) : U H FP (X) k$�\}.%\

ϕ : FP (X) → AP (X)$��\, C� σ n5 AP (X) \>�T\ τ . t U $ FP (X) \��Fg�
x ∈ ϕ(U) ∩X . 
j z ∈ U �Z ϕ(z) = x. K8 W = X ∩ xz−1U $ x H X k\�)9g W = ϕ(W ) ⊂ ϕ(U) ∩X . %G, ϕ(U) ∩ X H X k$�\, 5$ σ3V X 	\>�T\. mp, .vK 1.1.2, σ = τ , K8 ϕ $�(
. 5$, �z&� 5.2.2, �q FP (X)/KX T\O�5 AP (X). ZW.sp, e>%\Xo&dK\M	.'� 5.2.4 AP �IKyj4 MP �IK'q�u?oA, e>ZC^k�$ AP %��h, Ip�$ MP %��h.�zT\�\g#| �Zo&&�.Bi 5.2.5 � X 7 Y ':�aJ. �2

ϕ : FP (X) → FP (Y )':�7*, �w ϕ−1(Y ) ' FP (X) �:��. d/�O� Abel �b�h.=": ��WmYK
S X 4\>V� [24], ~& X 	\;����`+5$1g\.-i 5.2.6 �k(;�tlaJ X 7 Y ' AP �I�, )Un�, MP �I�. �2 Y '>V�, �w X R'>V�.
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ϕ : AP (X) → AP (Y )$T\O�. K8.&� 5.2.5, ϕ−1(Y ) $ AP (X) \T\�. \Td, %����, � Y $ AP (X) \T\�. P� X %$^k
S. K8| �Z: 
S XkKH�. X \|
��F�6\��� {Ui : i ∈ ω}. l;� i ∈ ω, 
j

xi ∈ Ui.l g ∈ AP (X) G x ∈ X , t c(x, g) ��H 5�.� X \ g \Y"���ka5 x B\m5 k. ;|87, ~&
g = kx+ k1x1 + · · ·+ knxn,bk x, x1, · · · , xn $ X k5w%O\=g k, k1, · · · , kn ∈ Z, K8 c(x, g) = k.I `, c(x, g) = 0 TglT x H g \Y"���k%>s.%\ Y $ AP (X) \�.Q5�, C�l;� i ∈ ω, KH yi ∈ Y �Z

c(xi, yi) 6= 0. . ti,1, · · · , ti,ni
∈ X $>sH yi \Y"���kC1%O5 xi\� (�P ni = 0). %����, P�T i < j, 1 c(xj , yi) = 0.N'H n ∈ ω 	#L, g# X 	���`+5 fn ~o. f f0 ≡ 0. P�lG n ≥ 1, e>�g#+5 f0, · · · , fn−1. f gn =

∑n−1
i=0 fi. .

Fn = (X \ Un) ∪ {ti,j : i ≤ n, j ≤ ni, ti,j ∈ Un}.rs, Fn H X k$�\; g xn 6∈ Fn, %\T i < j, 1 c(xj, yi) = 0. %\ X $WmYK
S, C�KH X 	���`+5 fn �Z fn(Fn) ⊂ {0} g
fn(xn) = n +

∑

j∈{j: tn,j∈U0∪···∪Un−1}

|c(tn,j, yn)gn(tn,j)|.WW6$ fn(n ∈ ω) \�I. %\ {Ui : i ∈ ω} H X k$��\, C�. [24, S3 2.1.12], f =
∑

n∈ω fn ��. | �Zo&.

(1) l;� n ∈ ω, f(xn) = fn(xn).

(2) l;� i ≥ 1 G j ≤ ni, T ti,j 6∈ U0 ∪ · · · ∪ Ui−1, 1 f(ti,j) = 0.

(3) l;� i ≥ 1 G j ≤ ni, T ti,j ∈ U0 ∪ · · · ∪ Ui−1, 1 f(ti,j) = gi(ti,j).sH, �S f W��OF
ψ : AP (X) → R.



§5.2 �.zT\q\ MP %�� a 53 �l;� i ≥ 1, %\
yi = c(xi, yi)xi + c(ti,1, yi)ti,1 + · · ·+ c(ti,ni

, yi)ti,ni
,C�

|ψ(yi)| = |c(xi, yi)f(xi) + c(ti,1, yi)f(ti,1) + · · ·+ c(ti,ni
, yi)f(ti,ni

)|

= |c(xi, yi)(i+
∑

j∈{j: ti,j∈U0∪···∪Ui−1}

|ri,j|) +
∑

j∈{j: ti,j∈U0∪···∪Ui−1}

ri,j|

≥ i,bk
ri,j = c(ti,j, yi)gi(ti,j).%\ {yi : i ≥ 1} ⊂ Y , C�
S Y %$^k\. 7m. ZW..e>\H3, o&dK\J>$�s\.'� 5.2.7 �k(;�tl�aJ X 7 Y ' AP �I> MP �I�. �2 X'VaJ, �w Y Vu?'� 5.2.8 �k(;�tl�aJ X 7 Y ' AP �I> MP �I�. �2 X'_,VaJ, �w Y _,Vu?sp, e>ZZC-���
�h�v$�E Lindelöf �$ MP %�\.�L	, e>9P>Z������\g�.o& 5��T\Æ\"�$rs\.Bi 5.2.9 � f : X1 → Y1 e g : Y2 → X2 �':�aJvJ�iM℄�, �� X1 ⊂ X2 
 Y1 ⊂ Y2. �2

F = {x ∈ X1 : g(f(x)) = x} 6= ∅,�w f |F : F → f(F ) '7�.Bi 5.2.10 � X 7 Y ' MP �I�:�aJ, �w Y �w%�_,�(�aJ�x Y =
⋃

n∈N Yn, ��xU Yn 7�
 X �U�aJ.
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ϕ : FP (X) → FP (Y )$T\O�. K8.&� 5.2.5, ϕ−1(Y ) $ FP (X) \T\�. \Td, %����, � Y $ FP (X) \T\�. l g ∈ FP (X), . lY (g) �� g \ 5�.Q5� Y \AT1j. l n ∈ N G ν = (m1, ..., mn) ∈ Nn, f

Cn(Y ) = {g ∈ FP (X) : lY (g) = n},g
Yν = Y ∩ Cn(X) ∩ ((X̃ ∩ Cm1

(Y )) · · · (X̃ ∩ Cmn
(Y ))),bk

X̃ = X ⊕ {e} ⊕X−1g
Cn(X) = FPn(X) \ FPn−1(X).rs,

Y =
⋃

ν∈Θ

Yν,bk Θ =
⋃

n∈NN
n.t n ∈ N G ν = (m1, ..., mn) ∈ Nn $w!\. l;� i = 1, ..., n, .

ϕi : Yν → X�Zl;� g ∈ Yν , ϕi(g) $ g  5�.Q5� X \AT�L�ka i �af\
. �;`, l;� j = 1, ..., mi, .
ψi,j : Cmi

(Y ) → Y�Zl;� h ∈ Cmi
(Y ), ψi,j(h) $ h  5�.Q5� Y \AT�L�ka j�af\
. .&� 1.1.3(1), (
 ϕi . ψi,j h$��\. t
F ν
i,j = {w ∈ Yν : ψi,j(ϕi(w)) = w}.K8&� 5.2.9 E*;� F ν

i,j OX5 X \��
S. �o�Z:

Y = ∪{F ν
i,j : ν = (m1, ..., mn) ∈ Nn, n ∈ N, i = 1, ..., n, j = 1, ..., mi}.



§5.2 �.zT\q\ MP %�� a 55 �"�	, � y ∈ Yν , bk ν = (m1, ..., mn) ∈ Nn. K
y = xε11 · · ·xεnn ,gl;� i = 1, ..., n,

xi = y
δi,1
i,1 · · · y

δi,mi

i,mi
,bk xi ∈ X, εi = ±1, yi,j ∈ Y g δi,j = ±1. %G,

y = (y
δ1,1
1,1 · · · y

δ1,m1

1,m1
)ε1 · · · (y

δn,1

n,1 · · · yδn,mn
n,mn

)εn.%\ Y $ FP (X) \�.Q5�, C�KHG i G j �Z y = yi,j. WE*
ψi,j(ϕi(y)) = ψi,j(xi) = yi,j = y,5$ y ∈ F ν

i,j. ZW.T\�h P 4\_,_G�, ~&T\
S X P��6�5�{1�h
P \�
S^!, K8 X {1�h P. &� 5.2.10 �HE*o&g�.-i 5.2.11 � P 'V���_,_G�:�K~. � X 7 Y ' MP �I�:�aJ. �2 X ZaK~ P, �w Y RZaK~ P. D, P ' MP yv�.T\
S X 4\ cosmic 
S [59], ~& X 1�5Y. g� 5.2.11 V>o&S3.�q 5.2.12 � X 7 Y ' MP �I�:�aJ. �wDn�h.

(1) �2 X 'V� Lindelöf aJ, �w Y R'V� Lindelöf aJ.

(2) �2 X 'V�_$aJ, �w Y R'V�_$aJ.

(3) �2 X ' cosmic aJ, �w Y R' cosmic aJ.'� 5.2.13 9t 5.2.12 � AP �I�b�hu?'� 5.2.14 Lindelöf K~' MP yv� (AP yv�) u?'� 5.2.15 _$K' MP yv� (AP yv�) u?
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,oW T�K
§6.1 .T

1941S, �.T\q�&m,  5b6&�wT~� [8]. 2002S, �.zT\q�&m, T\Q5�
Vlb�t
&wl_X. &�kT\ÆN A.

Arhangel’skǐı . M. Tkachenko J>\dK 0.0.1 (H, �.T\q\J}e&P�S!W�.zT\q?)$����dK. T\
S X 	\�.zT\q
FP (X) \�
S X−1 $��
S (&� 1.1.4), rs,  5�.T\q\e&%PmhS!W�.zT\q, �,V [46, 71]. Fx�TR��: . [8, S3 7.1.18]\, WmYK
S X 	\�.T\q F (X) $ Lindelöf 
STglTl;� n ∈ N, Xn $ Lindelöf 
S, Ip�5
S R 	\�.T\q F (R) $
Lindelöf 
S; S�.zT\q FP (R) %$ Lindelöf 
S. �bv�bldK
0.0.1\'}=Mh��G 5�.zT\qbt�1e&\�mh�m�{e.�bZuT\�h~H�j#\ σ 
S�H�j#\�/
S�k∗ �j#
S^I�!#j#
S�h; w'k�h; �&
S�h�Fréchet 
S�h;^k���E Lindelöf ���E�}��cosmic 
S�h^, }9R (arR�a�R�a9R�ahR) �P�
.arRY�$H�j#
S	\�.zT\q\��
g�g�, GH$
k∗ �j# k 
S�G k �/ k 
S	\�.zT\q\�5 tightness, H3$�.zT\q\a��5�, �m.�;$b [46, 72] k 5�.zT\q\w e&.a�RN'Q^j#�YT\
S X 	\�.zT\q FP (X)\�
S
FP2(X) HRa= e \��w'�, �xA�;$ A. Elfard . P. Nickolas \��e&: [23, g� 3.1]; -�xA'+bZC$: � X $WmYK
S Y 7��
S D \T\., K8 FP2(X) $w'k
STglT FP2(Y ) $w'k
S, W'}=M$ [47, dK 4.18].a9RY�$�.zT\qk\��OXg�, >Z$WmYK
S	\�.zT\q 5<?�e�h5
S\e�g�, �6$�.zT\q\ Fréchet�, WS!$b [19, 68] k 5�.T\q\w'e&W�.zT\q.
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� 58 S �rm S�JahR)qZC$"�T\O�\�.zT\q�b�_|OX\KH�,bHZC$^k���E Lindelöf ���E�}��cosmic 
S�h^$ MP%��h, WS!$b [29, 70] k 5�.T\q\w'e&W�.zT\q.Y~&�kC7,  5�.zT\q\�tÆÆ�
, b6&?%~�.T\q\�t6&K�WN. �blv	1�}T\�hl A. Arhangel’skǐı .
M. Tkachenko J>\dK 0.0.1 m�$'}=M, bD\T\�h!_GH, O��b�J>$�}dK, rsW}h$j4I"�.zT\q�t\��Nxy.

§6.2 kG8�z�'?0�"U^'(��bZ�bJ>\�}
_f}\dKFk��m�&�t.'� 6.2.1 (�4 2.1.10) σ aJ X ���`":�� FP (X) >�` Abel ":�� AP (X) �' σ aJu?'� 6.2.2 (�4 2.2.15) � X '�laJ. �2` X �1a#,h�����aJ X ′ ' ω1 V�, AP (X) a_, tightness u?'� 6.2.3 (�4 2.2.16) �f 2.2.9 ��5N“k∗ _�l� k aJ”�L�=5N“ZaV_, k <� k aJ”u?'� 6.2.4 (�4 2.4.7)� X 'tlaJ
 n ≥ 3. �2aJ FPn(X) (APn(X))'�U_,�, �w FPn(X) (APn(X)) '_�l<aJu?'� 6.2.5 [47, �4 4.18] �2:�aJ X 7�
UVaJ7Ue�aJ�:�7, �w FP2(X) 'YzVaJu?'� 6.2.6 (�4 3.2.6) �2 X 'VaJ, �xU#&s, n, aJ FPn(X) 'YzVu?'� 6.2.7 (�4 3.2.7) � X ':�aJ. �2 FP2(X) 'YzVaJ, aJ
FP3(X) 'YzVu?



§6.2 �.zT\q\�}
_f}\dK a 59 �'� 6.2.8 (�4 4.2.7) � X ';�tlaJ. .� n ∈ N. �8`;:�aJ X "� FPn(X) (APn(X)) ' Fréchet aJ?'� 6.2.9 (�4 5.2.4) AP �IKyj4 MP �IK'q�u?'� 6.2.10 (�4 5.2.7) �k(;�tl�aJ X 7 Y ' AP �I> MP�I�. �2 X 'VaJ, �w Y Vu?'� 6.2.11 (�4 5.2.8) �k(;�tl�aJ X 7 Y ' AP �I> MP�I�. �2 X '_,VaJ, �w Y _,Vu?'� 6.2.12 (�4 5.2.13) 9t 5.2.12 � AP �I�b�hu?'� 6.2.13 (�4 5.2.14) Lindelöf K~' MP yv� (AP yv�)u?'� 6.2.14 (�4 5.2.15) _$K' MP yv� (AP yv�)u?
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