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Abstract

In this paper the relations between mappings and families of subsets are ana-

lyzed in three kind of Ponomarev-systems. The relations of Ponomarev-systems are

discussed. It is shown that (1) f is an ss-mapping (cs-mapping) iff P is a locally

countable (compact-countable) collection of X for a Ponomarev-system (f, M, X,P);

(2) f is an msss-mapping (mssc-mapping) iff each Pn is a locally countable (lo-

cally finite) collection of X for a Ponomarev-system (f, M, X,Pn); (3) f is an ss-

mapping(cs-mapping) iff ∪{Pn : n ∈ N} is a locally countable (compact-countable)

collection of X for a Ponomarev-system (f, M, X, {Pn}). The precise relations of

(P )-mappings (P is a certain covering property) and families of subsets of topolog-

ical spaces are investigated in Ponomarev-systems. It is shown that a space X has

a locally finite network iff X is a discrete space.

Key Words: Ponomarev-systems; locally countable collectiones; compact count-

able collectiones; (P )-mappings; msss-mappings
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1960 � V. Ponomarev[1] =v℄qd<�?B9D�4 Baire 
`D�9y�QD�9;!w� Ponomarev 9��RO�k	( B 4<�?BD� X 9���

B = {Bα}α∈Λ, \*A�� Λ L X��f M = {α = (αi) ∈ Λω : {Bαi
}i∈N j% XHy> xα 9b-� }, �H M \*L D� Λ 9?B-
D� Λω(Baire 
`D�) H&59QD�X��2 M 4H\D��I)q� α = (αi) ∈ M , ?�A�!% f : M → X 07 f(α) = xα. 2 f 4X�9;!%�

1961� P. Alexandroff 0�H
X���#M)Ru!%ID�.�UK9(t [2], �{|eO?�4
�549!%K�p�H\D�B�_�A9H\D�K09K!%k9w�9%LA�G9�V4#+p�H\D�9K�U2�"3o�9!%
y~#1)H\D�,#�VA�9D�?�9qi4F��sK�9eO�0!%MkRt9�4�v"!%�a;!%�;!%��!%�*[_!%�s !%�*!%:!%D4JK Alexandroff eO9%Vh9�Ru�4�sNn℄!%,�V?�%�y��9Wj�9yhX1!U4S"# Ponomarev 7+9Æ�A9p�H\D��1_ Baire 
`D�9QD�9!w9ROI/n�u��Ponomarev j9i~L�Pn)Æ9%�A�V�G9D��1_H\D�9!w�90D�,!%9MkHN�℄K�9X" [3]. /I�n) Ponomarevj�49�d{Cv4.!%)N�A�VH��9�9�G���0
o [4,5,6,7,8]Hb��a;:U�Kk℄0 Ponomarev j (f, M, X,P) | (f, M, X, {Pn}) H!% f ,D� X H\l P |>}\ {Pn} ?�9��Wj��0 Ponomarev j
(f, M, X,P) | (f, M, X, {Pn}), 3�9!% f I�9%3��G9\l P |>}\ {Pn} 
9%3��G9\l P |>}\ {Pn} I�3�9!% f .a;0
o [3] H_8℄n) Ponomarev j9j_%t�fy 1.1[3] k_%k0 Ponomarev j (f, M, X,P) H%U	

(1) � P 4 X 9>?B\l�{o f 4 s !%�
(2) � P 4 X 9>?B cs \l�{o f 4�_[_� s !%�
(3) � P 4 X 9>?B sn \l�{o f 4 1 �_[_� s !%�
(4) � P 4 X 9>?B so \l�{o f 4 2 �_[_� s !%�
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(5) � P 4 X 9>?B cfp \l�{o f 4*[_� s !%�
(6) � P 4 X 9>?B cs∗ \l�{o f 4�_" (a�_[_), s !%�fy 1.2[3] k_%k0 Ponomarev j (f, M, X, {Pn}) H%U	
(1) �q� Pn 4 X 9>%q[_�{o f 4*!%�
(2) �q� Pn 4 X 9>?B[_�{o f 4 s !%�
(3) �q� Pn 4 X 9 sn [_�{o f 4 1 �_[_!%�
(4) �q� Pn 4 X 9 so [_�{o f 4 2 �_[_!%�
(5) �q� Pn 4 X 9 cfp [_�{o f 4*[_!%�
(6) �q� Pn 4 X 9 cs∗ [_�{o f 4�_"!%����9eO4AM 1.1, AM 1.2 4Y?��b�0 [4] H=vAM 1.1 H9

(1) 9�xO4%U9�fy 1.3[4] 0 Ponomarev j (f, M, X,P) H� f 4 s !%�{o P 4 X 9>?B\l�b�|a;0 [5] HKk!�AM 1.1 9 (2) � (3) H9�>?B�|� s �4Y%U��04YA9��. cs \| sn \Vp�� csf \| snf \�76kt9AM�fy 1.4[5] 0 Ponomarev j (f, M, X,P) H
(1) f 4�_[_!%4Æ+4 P 4 X 9 csf \l�
(2) f 4 1 �_[_!%4Æ+4 P 4 X 9 snf \l�b�0 [6] HKk!�AM 1.1 H9 (5)�>?B�|� s �4Y%U�8TDv0
4YA9��76ktAM�fy 1.5[6] 0 Ponomarev j (f, M, X,P) H f 4*[_!%4Æ+4 P 4 X9� k \l�z 1.6[6] /0 Ponomarev j (f, M, X,P) 07 P 4 X 9 cfp \l�3 P �4 X 9� k \l�H� f �4*[_!%�%} f X 4��D� [0, ω1], 9P9 ω1 4<��?B�B�{o X *��?H\D� ([9, T 43]). f P = B ∪ {{x} : x ∈ X}, 9P B 4 X 9y��{o P 4

X 9\lÆIq� x ∈ X, /0?B Px ⊂ P 07 Px 4 X H> x 9\l��,�
(f, M, X,P) 4� Ponomarev j��_ P �v X 9�d��# [10, �M 6], P 4
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cfp \l��_D� X 4H\D�9*[_!w4Æ+4 X 9q�*QD�?H\� ([11, AM 3.4.1]), H� X �4H\D�9*[_!w�##?AM 1.5 9VkD� X 4H\D�9*[_!w4Æ+4 X 9%� k \l�7 X �v� k \l�H� P �4D� X 9� k \l�b�0 [4] HKk!�AM 1.1 9 (6) H9�>?B�|� s �4Y%U�0
4YA9��. cs \| cs∗ \Vp�� qcsf \| cs∗f \�76kt9AM�fy 1.7[4] 0 Ponomarev j (f, M, X,P) H
(1) f 4a�_[_!%4Æ+4 P 4 X 9 qcsf \l�
(2) f 4�_"!%4Æ+4 P 4 X 9 cs∗f \l�,AM 1.2 sn�O.(|�9R0
 [12] HKk℄7!?B\l| ss !%9nj76kt%k�fy 1.8[12] (D� X mT T2 UL��
(1) X 4H\D�9��_[_ ss !w4Æ+4 X 9%7!?B cs \l�
(2) X 4H\D�9*[_ ss !w4Æ+4 X 9%7!?B cfp \l�
(3) X 4H\D�9�_[_ (�_") ss !w4Æ+4 X 9%7!?B9�_%qU&\l�
(4) X 4H\D�9 1 �_[_ ss !w4Æ+4 X 9%7!?B sn \l�
(5) X 4H\D�9 2 �_[_ ss !w4Æ+4 X 9%7!?B so \l�=�	N�fs<h0 Ponomarev j (f, M, X,P) H� ss !%4YI�7!?B\l P? �
9L�}�?�54℄�9deO.�Kk��
0< 2 6S"0 Ponomarev j (f, M, X,P) H P 4 X 9>?B\l4Æ+4 f 4 s !%9=vRO�&:℄#?eO� 2.1 $lf)�K Ponomarev j9A���G
 2.2 $Kk0 Ponomarev j (f, M, X,P) H�y!%,Q�V?�9nj
 2.3 $Kk0

Ponomarev j (f, M, X,Pn) | (f, M, X, {Pn}) H�y!%,Q�V?�9nj

2.4 $Kk�y7!?B�V?�9nj�

Y. Tanaka |O7
0 [13] HI�A9[_�G P A�℄ σ-(P ) !%| (P )!%��76ktAM�fy 1.9[13] ID� X ktnj:�	
(1) X 9%�G σ-(P )cs∗ \l (cs \l� sn \l).
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(2) X 4H\D�9 σ-(P ) a�_[_ (�_[_� 1 �_[_) !w��
< 3 60Uh℄#?AM=v9j1��?�*#�	7℄�K Pono-

marevjH (P )!%,Q�V91�nj�3.1 $Kk0 Ponomarevj (f, M, X,P)H (P ) !%,Q�V?�9nj
 3.2 $Kk0 Ponomarev j (f, M, X,Pn) |
(f, M, X, {Pn}) H (P ) !%,Q�V?�9nj��
76k?L�%t	fy 1.10 ( (f, M, X,P) 4 Ponomarev j�2

(1) f 4 cs !%4Æ+4 P 4 X 9*?B�V�
(2) f 4 ss !%4Æ+4 P 4 X 97!?B�V�fy 1.11 ( (f, M, X,Pn) | (f, M, X, {Pn}) 4 Ponomarev j��H P =

∪{Pn : n ∈ N}. 2
(1) f 4 cs !%4Æ+4 P 4 X 9*?B�V�
(2) f 4 ss !%4Æ+4 P 4 X 97!?B�V�fy 1.12 ( (f, M, X,P) 4 Ponomarev j�
(1) f 4>%q (>?B) !%4Æ+4 P 4 X 9>%q (>?B) \l�
(2) f 4*%q (*?B) !%4Æ+4 P 4 X 9*%q (*?B) \l�
(3) f 47!%q (7!?B) !%4Æ+4 P 4 X 97!%q (7!?B) \l�fy 1.13 ID� X, k?Q�s�:�	
(1) X 4y�H\D�97!%q!w�
(2) X 9%7!%q\l�
(3) X 4L D��fy 1.14 ( (f, M, X,Pn) | (f, M, X, {Pn}) 4 Ponomarev j��H P =

∪{Pn : n ∈ N}. 2
(1) f 4>?B!%4Æ+4 P 4 X 9>?B\l�
(2) f 4*?B!%4Æ+4 P 4 X 9*?B\l�
(3) f 47!?B!%4Æ+4 P 4 X 97!?B\l��
HKk9D�4mT T2 UL�G9X�D��HKk9!%D4X�9m%�



1� Ponomarev < 5e 2$ Ponomarev � r\w�l-�6Uh℄�K Ponomarev j?�9nj�L�℄� ss !%,7!?B�V5;Kk�L�&�k_eO9Kk	�K Ponomarev j%zyWj�0�K
Ponomarev jH f _ ss !%I�9\l P 9%.o�G�( P _D� X 9Q�V� x ∈ X, K ⊂ X. �

st(x,P) = ∪{P ∈ P : x ∈ P},

(P)x = {P ∈ P : x ∈ P},

(P)K = {P ∈ P : K ∩ P 6= ∅}.I)
D� ∏
n∈N

Xn, � pi :
∏

n∈N
Xn → Xi 4T%�� x ∈

∏
n∈N

Xn, � x = (xn),�H pn(x) = xn.

2.1 Ponomarev 	
g�n�)f� 2.1.1[3] ( P 4D� X 9Q�V�
(1) ( x ∈ X Æ P ′ ⊂ (P)x. P ′ $_> x 0 X H9\l��I x 0 X H9q�;b- U S/0 P ∈ P ′, 07 x ∈ P ⊂ U . P $_ X 9\l��I)q�

x ∈ X, (P)x 4 x 0 X H9\l�
(2) ( {Pn} 4D� X 9[_�_� {Pn} $_ X 9>}\��I ∀ x ∈ X,

{st(x,Pn)}n∈N 4 X H> x 9\l�a; [3] r|S% Ponomarev 9=vRO�xw℄�K9 Ponomarev j�f� 2.1.2 ( X 4X�D��
(1) ( P 4D� X 9\l�� P = {Pα}α∈Λ, A�� Λ \*L X��f

M = {α = (αi) ∈ Λω : {Pαi
}i∈N j% X Hy> xα 9\l }.A�xB f : M → X, 07 f(α) = xα. $ (f, M, X,P) _ Ponomarev j [3].

(2) ( X 9Q�V P = ∪{Pn : n ∈ N} mT�I ∀ x ∈ X, /0 x 9\l
{Pαn

}n∈N, �H Pαn
∈ Pn. Iq� n ∈ N, � Pn = {Pα : α ∈ Λn} Æ\* Λn L X��f

M = {α = (αi) ∈
∏

n∈N
Λn : {Pαi

}i∈N j% X Hy> xα 9\l }.A�xB f : M → X, 07 f(α) = xα. $ (f, M, X,Pn) _ Ponomarev j [8].
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(3) ( {Pn} 4D� X 9>}\�Iq� n ∈ N, � Pn = {Pβ : β ∈ Λn} Æ\* Λn L X��f

M = {α = (αi) ∈
∏

n∈N
Λn : {Pαi

}i∈N j% X Hy> xα 9\l }.A�xB f : M → X, 07 f(α) = xα. $ (f, M, X, {Pn}) _ Ponomarev j [3].M�F8N�#?A�9 (2) | (3) H�z9���+ A� 2.1.2 H M \*
D�9QD�X��H�4H\D��#) X 4 T2D��H�I α = (αi) ∈ M , xα 4^��A9Æ f(α) =
⋂

i∈N
Pαi

, H�xB f 4�
A�9�I) (2) | (3) 9�~� f �4X�m% [3].G� 3 K Ponomarev j9j1KF�34�S9�V�GH�A9D� M ?~4�S9�,Y��� 3 K Ponomarev j9�y�2Wj�
(a) � {Pn} 4D� X 9>}\�2 ∪{Pn : n ∈ N} mT (2), )40eR9

Ponomarev j (f3, M3, X, {Pn}) | (f2, M2, X,Pn) H� M3 = M2 Æ f3 = f2.

(b) � P = ∪{Pn : n ∈ N} mT (2), 2 P 4 X 9\l�)40 Ponomarevj (f2, M2, X,Pn) | (f1, M1, X,P) H� M2 ⊂ M1 Æ f1|M2
= f2. �g( ∀ n ∈ N,

X ∈ Pn ⊂ Pn+1, 2 M2 = M1.#,�<�K9 Ponomarev j (f, M, X, {Pn}) ?r%_<MK Ponomarev j
(f, M, X,Pn). H�5�GL
�n�4<��<MK Ponomarev j9�~��y 2.1.3[5] f (f, M, X,P) _ Ponomarev j�Æ U = (

∏
n∈N

Γn) ∩M , 9PI ∀ n ∈ N, Γn ⊂ Λn, {oIq� k ∈ N, % f(U) ⊂ ∪{Pβ : β ∈ Γk}.kt=v�d�>�9�M��R)�%EU9����y 2.1.4 ( K 4D� X 9TDQ��2
(1) 0 Ponomarev j (f, M, X,P) H�

(1.1) � K ⊂ f(M), 2 f−1(K) ⊂ {β ∈ Λ : Pβ ∩ K 6= ∅}ω.

(1.2) � K ⊂ f(M), 2 pn(f−1(K)) = {β ∈ Λ : Pβ ∩ K 6= ∅}, ∀n ∈ N.

(2) 0 Ponomarev j (f, M, X,Pn) | (f, M, X, {Pn}) H�
(2.1) f−1(K) ⊂

∏
n∈N

{βn ∈ Λn : Pβn
∩ K 6= ∅}.

(2.2) pn(f−1(K)) = {βn ∈ Λn : Pβn
∩ K 6= ∅}, ∀n ∈ N.%} (1) f Γ = {β ∈ Λ : Pβ ∩ K 6= ∅}.

(1.1) 9=v� ( b = (γn) ∈ f−1(K), 2 ⋂
n∈N

Pγn
= {f(b)} ⊂ K, )4I)q



1� Ponomarev < 7? n ∈ N, % Pγn
∩ K 6= ∅. .L b ∈ Γω. l f−1(K) ⊂ Γω.

(1.2)9=v� I)q� n ∈ N, # (1.1), pn(f−1(K)) ⊂ Γ. e�Rt�( β ∈ Γ,{o Pβ ∩K 6= ∅, )4/0 x ∈ Pβ ∩K. #) K ⊂ f(M), /0 α = (βi) ∈ M , 07
f(α) = x, {o {Pβi

}i∈N 4 x 0 X H9\l�f cβ = (γi), 9P γn = β, 4 i < n- γi = βi, Æ4 i > n - γi = βi−1. {o {Pγi
}i∈N �4 x 0 X H9\l�H�

cβ ∈ f−1(x) ⊂ f−1(K), �, β = pn(cβ) ∈ pn(f
−1(K)). l Γ ⊂ pn(f−1(K)).

(2) I)q� n ∈ N, f Γn = {βn ∈ Λn : Pβn
∩ K 6= ∅}.

(2.1) 9=v� ( b = (γn) ∈ f−1(K), 2 ⋂
n∈N

Pγn
= {f(b)} ⊂ K, )4I)q� n ∈ N, % Pγn

∩ K 6= ∅. .L b ∈
∏

n∈N
Γn. l f−1(K) ⊂

∏
n∈N

Γn.

(2.2)9=v�# (2.1), pn(f−1(K)) ⊂ Γn. e�Rt�( β ∈ Γn,{o Pβ∩K 6= ∅,)4/0 y ∈ Pβ ∩ K. #A��/0 y 0 X H9\l {Pβi
}i∈N, �H Pβi

∈ Pi. f
cβ = (γi), 9P γn = β, 4 i < n - γi = βi, Æ4 i > n - γi = βi−1. {o {Pγi

}i∈N�4 y 0 X H9\l�H� cβ ∈ f−1(y) ⊂ f−1(K), �, β = pn(cβ) ∈ pn(f−1(K)).l Γn ⊂ pn(f−1(K)). 2

2.2 i� (f, M, X,P)�$L�Kk0 Ponomarev j (f, M, X,P) H f _ ss !%� cs !%9'U��Q��lf)ktA��f� 2.2.1 (!% f : X → Y .

(1) f $_ ss !% [14], �Iq� y ∈ Y , /0 y 0 Y H9;b- Vy, 07
f−1(Vy) 4D� X 9?UQ��

(2) f $_ k !% [15], �D� Y 9q�*Q�9�w4D� X 9*Q��
(3) f $_ cs !% [16], �D� Y 9q�*Q�9�w4D� X 9?UQ��f� 2.2.2[3] ( P 4D� X 9Q�V�
(1) P $_ X 9>%q (>?B) �V��I)q� x ∈ X, (P)x 4%q (?B) 9�
(2) P $_ X 9*%q (*?B) �V��I) X 9q�d*Q� K, (P)K 4%q (?B) 9�
(3) P $_ X 97!%q (7!?B) �V��I)q� x ∈ X, /0 x 0 X



8 BC60>A2>87>:4;H9;b- V 07 (P)V 4%q (?B) 9�S"�M 2.1.4 ?7kt%k�fy 2.2.3 ( (f, M, X,P) 4 Ponomarev j�2
(1) f 4 cs !%4Æ+4 P 4 X 9*?B�V�
(2) f 4 ss !%4Æ+4 P 4 X 97!?B�V�%} (1) 9'U�� #O(�P 4D� X 9*?B\l�#
 [3] �M 1.3.8,

f 4!%�( C 4D� X 9TD*Q��2 C +, P H?Bd/s �#�M
2.1.4(1.1), f−1(C) 4 M 9?UQD��l f 4 cs !%�

(1) 9����( K 4D� X 9TD*Q��2 f−1(K) 4 M 9?UQD���A n ∈ N, 2 pn(f−1(K)) 4 Λ 9?UQD��.L pn(f−1(K)) 4?B��#) f 4m%�#�M 2.1.4(1.2), {β ∈ Λ : Pβ ∩ K 6= ∅} 4?B��� K +, PH9?BKd/sn�l P 4 X 9*?B�V�
(2) 9'U��#O(� P 4D� X 97!?B\l�#
 [3] �M 1.3.8, f4!%ÆIq� x ∈ X, /0 x 0 X H9;b- Vx, 07 Vx +, P H?Bd/s �#�M 2.1.4(1.1), f−1(Vx) 4 X 9?UQ��l f 4 ss !%�
(2) 9����( f 4 ss !%�I)q� x ∈ X, /0 x 0 X H9;b- Vx,07 f−1(Vx) 0 X H?U�#�M 2.1.4(1.2), I)q� n ∈ N, pn(f−1(Vx)) = {β ∈

Λ : Vx ∩ Pβ 6= ∅}. # f−1(Vx) 9?U�� {β ∈ Λ : Vx ∩ Pβ 6= ∅} 4 Λ 9?UQ��.L4?B��H� Vx +, P H9?Bd/s �l P 4 X 97!?B�V�
2 �| 2.2.4 I)D� X, kt%U	

(1) X 4H\D�9 cs !w4Æ+4 X 9%*?B\l�
(2) X 4H\D�9 ss !w4Æ+4 X 9%7!?B\l [22].���_[_!%,�_"!%9A��(!% f : X → Y . f $_�_[_!% [17], � S 4D� Y H9��6Y�_�{o/0 X H96Y�_ L, 07

f(L)=S. f $_�_"!% [18], � S 4D� Y H9��6Y�_�{o/0 X H6Y�_ L, 07 f(L) 4 S 9Q�_�( P 4D� X 9[_� P $_D� X9 cs \l [19], � X H9�_ {xn} 6Y) x Æ V 4 x 0 X H9b-�2/0
P ∈ P 07�_ {xn} 4I) P Æ P ⊂ V . P $_D� X 9 cs∗ \l [20], � X H



1� Ponomarev < 9/=3 {xn} 6Y) x Æ V 4 x 0 X H9b-�2/0 P ∈ P 07�_ {xn} 9yQ�_4I) P Æ P ⊂ V .�y 2.2.5[4] 0 Ponomarev j (f, M, X,P) H�� P 4D� X 9>?B\l�{ok_%U	
(1)f 4�_[_!% ⇔ P 4 X 9 cs \l

(2)f 4�_"!% ⇔ P 4 X 9 cs∗ \l�#,�?7k?Vk��| 2.2.6 ( (f, M, X,P) 4 Ponomarev j�2
(1) f 4�_[_ cs !%4Æ+4 P 4 X 9*?B cs \l�
(2) f 4�_" cs !%4Æ+4 P 4 X 9*?B cs∗ \l�
(3) f 4�_[_ ss !%4Æ+4 P 4 X 97!?B cs \l�
(4) f 4�_" ss !%4Æ+4 P 4 X 97!?B cs∗ \l��| 2.2.7 I)D� X, kt%U	
(1) X 4H\D�9�_[_ cs !w4Æ+4 X 9%*?B cs \l [21].

(2) X 4H\D�9�_" cs !w4Æ+4 X 9%*?B cs∗ \l [21].

(3) X 4H\D�9�_[_ ss !w4Æ+4 X 9%7!?B cs \l [22].

(4) X 4H\D�9�_" ss !w4Æ+4 X 9%7!?B cs∗ \l [22].fy 2.2.8 ( (f, M, X,P) 4 Ponomarev j�� f 4 k !%�{o P 4 X 9*%q�V�,Y�D� X 9%*%q\l4Æ+4 X 9*Q�4%q��%} � f 4 k !%�I) X 9��TD*Q� K, 2 f−1(K) 4 M 9*QD���A n ∈ N, 2 pn(f−1(K)) 4 Λ 9*Q��.L pn(f−1(K)) 4%q��#) f 4m%�#�M 2.1.4(1.2), {β ∈ Λ : Pβ ∩ K 6= ∅} 4%q��� K +, P H9%qKd/s �l P 4 X 9*%q�V�,Y��D� X 9*Q�D4%q��� P = {{x} : x ∈ X}. 2 P 4 X 9*%q\l�P?�� X 9%*%q\l P, � K 4 X 9��*Q��2 P|K 4
K 9%q\l��_ K 4 T2 D��H� K 4%q��l X 9*Q�4%q��
2 /I�bY�j1TQDvAM 2.2.8 9�xO�%U�



10 BC60>A2>87>:4;
2.3 i� (f, M, X,Pn) j (f, M, X, {Pn})#�$Kk℄ Ponomarevj (f, M, X,P)9�~�ktKkeZJ Ponomarevj9�E�fy 2.3.1[4,5,6,7,8] k_0 Ponomarev j (f, M, X, {Pn}) H%U	

(1) f 4 s(*!%) !%4Æ+4Iq� Pn 4 X 9>?B (>%q) [_�
(2) f 4�_"!%4Æ+4q� Pn 4 X 9 cs∗ [_�
(3) f 4�_[_!%4Æ+4q� Pn 4 X 9 cs [_�
(4) f 4 1 �_[_!%4Æ+4q� Pn 4 X 9 wsn [_�
(5) f 4 2 �_[_!%4Æ+4q� Pn 4 X 9 so [_�
(6) f 4a�_[_!%4Æ+4q� Pn 4 X 9 fcs [_�
(7) f 4*[_!%4Æ+4q� Pn 4 X 9 CFP [_�fy 2.3.2 ( (f, M, X,Pn) 4 Ponomarev j��H P = ∪{Pn : n ∈ N}. 2
(1) f 4 cs !%4Æ+4 P 4 X 9*?B�V�
(2) f 4 ss !%4Æ+4 P 4 X 97!?B�V�%} #�M 2.1.4(2.1) 7 (1) 9'U��
(1) 9����( f 4 cs !%�I) X 9q�TD*Q� K, �q� n ∈ N,#�M 2.1.4(2.2), pn(f−1(K)) = {β ∈ Λn : K ∩ Pβ 6= ∅}. # f−1(K) 9?U��

{β ∈ Λn : K ∩Pβ 6= ∅} 4 Λn 9?UQ��.L4?B��H� K +, Pn H9?Bd/s �.L K +, P H9?Bd/s �l P 4 X 9*?B�V�
(2) 9'U��( P 4 X 97!?B�V�2q� x ∈ X, /0 x 0 X H9;b- Vx, 07 Vx +, P H?Bd/s �)4 Vx �+,q� Pn H?Bd/s �#�M 2.1.4(2.1), f−1(Vx) 4 X 9?UQ��l f 4 ss !%�
(2) 9����( f 4 ss !%�I)q� x ∈ X, /0 x 0 X H9;b- Vx,07 f−1(Vx) 0 X H?U�#�M 2.1.4(2.2), I)q� n ∈ N, pn(f−1(Vx)) = {β ∈

Λn : Vx ∩ Pβ 6= ∅}. # f−1(Vx) 9?U�� {β ∈ Λn : Vx ∩ Pβ 6= ∅} 4 Λn 9?UQ��.L4?B��H� Vx +, Pn H9?Bd/s �.L Vx +, P H9?Bd/s �l P 4 X 97!?B�V� 2a;A�℄ msss !%| mssc !%�



1� Ponomarev < 11f� 2.3.3[23] (!% f : X → Y .

(1) f $_U"� s !%��/0� X _QD�9
D� ∏
i∈N

Xi mT	I��9 y ∈ Y , /0 y 0 Y H9;b-_ {Vi}, 0q� pif
−1(Vi) 4 Xi 9?UQD���tg(H%9 Xi 4H\D��{o f $_?H\9U"� s !%���_

msss !%�
(2) f $_U"�*!%��/0� X _QD�9
D� ∏

i∈N
Xi mT	I��9 y ∈ Y , /0 y 0 Y H9;b-_ {Vi}, 0q� cl(pif

−1(Vi)) 4 Xi 9*QD���tg(H%9 Xi 4H\D��{o f $_?H\9U"�*!%���_
mssc !%�D� X 9?Bd7!%q (7!?B) �V9�$_ X 9 σ 7!%q (σ 7!?B) �V�fy 2.3.4[23] D� X 9% σ 7!?B\l4Æ+4 X 4y�H\D�9
msss !%�fy 2.3.5[23] D� X 9% σ 7!%q\l4Æ+4 X 4y�H\D�9
mssc !%�fsKk℄0 Ponomarev j (f, M, X,Pn) H� f _ msss !%| mssc !%9'U��Q��fy 2.3.6 ( (f, M, X,Pn) 4 Ponomarev j�2 f 4 msss !% (mssc !%)4Æ+4q� Pn 4 X 97!?B�V (7!%q�V).%} fs+=v msss !%-9�~�I mssc !%9�~9=v4KF9�( f 4 msss !%�#A� 2.3.3(1), I��9 x ∈ X, /0 x 0 X H9;b-_ {Vn}, 07q� pn(f−1(Vn)) 4 Λn 9?UQD��)4 pn(f−1(Vn)) 4?B��� Γn = {β ∈ Λn : Vn ∩ Pβ 6= ∅}. #�M 2.1.4(2.2), pn(f−1(Vn)) = Γn. # Γn 9?B�� Vn +, Pn H9DK?Bd/s �H� Pn 4 X 97!?B�V�P?�(q� Pn 4 X 97!?B�V�I)��9 x ∈ X, ��9 n ∈ N,/0 x 0 X H9;b- Vx,n, 07 Vx,n +, Pn H9DK?Bd/s �#�M
2.1.4(2.2), pn(f−1(Vx,n)) = {βn ∈ Λn : Pβn

∩Vx,n 6= ∅}, L {βn ∈ Λn : Pβn
∩Vx,n 6= ∅}4?B��H� pn(f−1(Vx,n)) 4 Λn 9?UQD��l f 4 msss !%� 2Æ#?AM�")�_[_!%��_"!%�KF
o [4] Vk 3.2, %k?



12 BC60>A2>87>:4;95��| 2.3.7 � P = ∪{Pn : n ∈ N}. ( (f, M, X,Pn) 4 Ponomarev j�2
(1) f 4�_[_ msss (mssc) !%4Æ+4 P 4 X 9 σ 7!?B (σ 7!%q)cs \l�
(2) f 4�_" msss (mssc) !%4Æ+4 P 4 X 9 σ 7!?B (σ 7!%q)cs∗ \l��| 2.3.8 (1) D� X 4y�H\D�9�_[_ msss (mssc) !w4Æ+4 X 9% σ 7!?B (σ 7!%q) 9 cs \l [22].

(2) D� X 4y�H\D�9�_" msss (mssc) !w4Æ+4 X 9% σ 7!?B (σ 7!%q) 9 cs∗ \l [22].fy 2.3.9 ( (f, M, X, {Pn}) 4 Ponomarev j�2
(1) f 4 cs !%4Æ+4 ∪{Pn : n ∈ N} 4 X 9*?B�V�
(2) f 4 ss !%4Æ+4 ∪{Pn : n ∈ N} 4 X 97!?B�V�%} #�M 2.1.4(2.1) 7 (1) | (2) 9'U��
(1) 9����( f 4 cs !%�I X 9TD*Q� K � n ∈ N, f Γn = {β ∈

Λn : K ∩ Pβ 6= ∅}. #�M 2.1.4(2.2), pn(f−1(K)) = Γn. �_ f−1(K) 4?U9�H� Γn 4?B9�� Pn 4 X 9*?B�V�.L ∪{Pn : n ∈ N} 4 X 9*?B�V�
(2) 9����( f 4 ss !%�I)q� x ∈ X, /0 x 0 X H9;b-

Vx, 07 f−1(Vx) 0 X H?U�#�M 2.1.4(2.2), I)q� n ∈ N, pn(f−1(Vx)) =

{β ∈ Λn : Vx ∩ Pβ 6= ∅}. {o {β ∈ Λn : Vx ∩ Pβ 6= ∅} 4 Λn 9?BQ��H� Vx+, Pn H9?Bd/s �.L Vx +, ∪{Pn : n ∈ N} H9?Bd/s �l
∪{Pn : n ∈ N} 4 X 97!?B�V� 2+ S"#?�j_%k��++uVk 2.2.6 |Vk 2.3.7, 0�_[_!%��_"!%?	7s�9Vk�LÆ,�yn%%t9%}�?76n)*[_!%� 1 �_[_� 2 �_[_:Rt9j_%t�

2.4 ��s℄x�m.&o
i	�6W~Dv# PonomarevjP!9�y7!?B�V?�9nj��Æ=�



1� Ponomarev < 13

(1) σ 7!%q�V ⇒ σ 7!?B�V ⇒ *?B�V ⇒ >?B�V�
(2) 7!?B�V ⇒ σ 7!?B�V�
(3) *?B� = >?B� (�
 [24] AM 2).z 2.4.1 7!?B�V�
(1) >?B cs \ ; *?B cs \��
 [3] 9T 1.5.4.

(2) *?B� ; σ 7!?B���
 [25] H9 Michael �r X. # [25] >�X49%>?B�9�?H\�9S*D��)4 X 9%*?B��� X 9% σ 7!?B��#S*��
 [26] AM 2.1, ?> X 9% σ 7!%q��.L X 4?H\D��nJ�
(3) σ 7!?B� ; σ 7!%q��7!?B���
 [26] 9T 2.5 9D� X.# [26] >� X 49% σ 7!?B�9<29�?H\�D��)4 X �9% σ7!%q��#)9%7!?B�9<2D�9% σ 7!%q� (S"�S*�),H� X ��9%7!?B��



14 BC60>A2>87>:4;e 3$ Ponomarev� w��b (P )��
2003 � Y. Tanaka |O7
 [13] _	7# k \l [27] �A9D�,H\D�9!%?�9nj�5"pQ9[_�G (P ) A�℄ (P ) !%K�Æ9�A�G9 k\9D��1_H\D�0yy (P ) !%Kk9w��6L�JK℄eR�~k f4 (P ) !% (P _[_�G) -9'U��Q��g�1�;m1℄!%,�V9Wj�.L~g%x;Dv!%,D�9}0qi�V℄℄!%,D�9Mk�

3.1 i� (f, M, X,P)f� 3.1.1[13] (!% f : X → Y . ( P 4D� X 9[_�G� f $_ (P ) !%��/0 X 9y� B = {Bα}α∈Λ 07�V f(B) = {f(Bα)}α∈Λ 4 P 9�fy 3.1.2 ( (f, M, X,P) 4 Ponomarev j�{o
(1) f 4>%q (>?B) !%4Æ+4 P 4 X 9>%q (>?B) \l�
(2) f 4*%q (*?B) !%4Æ+4 P 4 X 9*%q (*?B) \l�
(3) f 47!%q (7!?B) !%4Æ+4 P 4 X 97!%q (7!?B) \l�%} (1) 9=vKF (2), fsB�=v (2) | (3) Gz}9�~�
(2) 'U��I ∀b = (βb

n) ∈ M , 2 {Pβb
n
} 4 X H> f(b) 9\l�f U b

n = {c =

(γi) ∈ M : 4 i 6 n - γi = βb
i }. ��Æ= Bb = {U b

n : n ∈ N} 4 M H> b 9b-��2 B = ∪{Bb : b ∈ M} 4 M 9��?=v f(U b
n) =

⋂
i6n Pβb

i

. 3/#�I
∀ a = (αn) ∈ U b

n, f(a) ∈
⋂

i∈N
Pαi

⊂
⋂

i6n Pβb

i

. )4 f(U b
n) ⊂

⋂
i6n Pβb

i

. e�Rt�� x ∈
⋂

i6n Pβb

i

, # f m%�/0 c = (γi) ∈ M 07 x = f(c). f a = (αi), 9P4
i 6 n - αi = βb

i , 4 i > n - αi = γi−n, {o a = (αi) ∈ U b
n Æ {Pαi

} 4 X H> x9\l�H� x = f(c) ∈ f(U b
n). =v℄ f(U b

n) =
⋂

i6n Pβb

i

. �_ P 4 X H*?B9�2I X H9��*� K, K , P HDK?Bd/s �# f(U b
n) =

⋂
i6n Pβb

i

,��Æ= K , f(B) H?Bd/s �����(/0 X 9� B 07 f(B) 4�A�*?B9�� P �4*?B9�{oI X H9y�*Q� K, /0 Λ 9�?B� Γ = {β ∈ Λ : K ∩ Pβ 6= ∅}.I ∀ β ∈ Γ � Uβ = ({β} × (
∏

n>1 Λn)) ∩ M . ktÆ= {Uβ : β ∈ Γ} _ f−1(K)



1� Ponomarev < 15;[_Æp%:Q[_�����/0 c = (αn) ∈ f−1(K) ÆI ∀ β ∈ Γ, c /∈ Uβ,H� α1 6= β, � α1 /∈ Γ, �, K ∩ Pα1
= ∅, 3�_ c = (αn) ∈ f−1(K) ⊂ M , >

{Pαn
} _ X H> f(c) 9\l�2 f(c) ∈ Pα1

. �, ∅ 6= f(c) ∈ K ∩ Pα1
, nJ�2

{Uβ : β ∈ Γ} [_℄ f−1(K), 3 {Uβ : β ∈ Γ} �/0:Q[_�����(/0
β

′

∈ Γ 07 {Uβ : β ∈ Γ − {β
′

}} �[_℄ f−1(K). � K ∩ Pβ
′ 6= ∅, ∃ x ∈ K ∩ Pβ

′ .#) f 4m%�( {Pβn
} 4 x 9\l�f cβ

′ = (γn), 9P γ1 = β
′ Æ n > 1 -

γn = βn−1, {o {Pγn
} �4 x 9\l�H� cβ

′ ∈ f−1(x) ⊂ f−1(K), �L4 β 6= β
′- cβ

′ /∈ Uβ, nJ�2 {Uβ : β ∈ Γ} _ f−1(K) ;[_Æp%:Q[_�I ∀ β ∈ Γ,

Uβ ∩ f−1(K) 6= ∅ Æ Uβ ZZ�s �I ∀ β ∈ Γ, ( cβ ∈ Uβ ∩ f−1(K), #) Uβ_ M H cβ 9;b-� ∃ Bβ ∈ B, 07 cβ ∈ Bβ ⊂ Uβ. 2 Bβ ∩ f−1(K) 6= ∅. �
f(Bβ) ∩ K 6= ∅ Æ Bβ ZZ�s �H�*� K , f(B) �A�%�?Bd/s �9, f 4*?B!%nJ�

(3) 'U��I ∀b = (βb
n) ∈ M , 2 {Pβb

n
} 4 X H> f(b) 9\l�f U b

n =

{c = (γi) ∈ M : 4 i 6 n - γi = βb
i }. ��Æ= Bb = {U b

n : n ∈ N} 4 M H> b 9b-��2 B = ∪{Bb : b ∈ M} 4 M 9��?=v f(U b
n) =

⋂
i6n Pβb

i

. �_ P 4
X H7!?B9�2I ∀ x ∈ X, /0 x 9;� U , P HDK?Bd/s �#
f(U b

n) =
⋂

i6n Pβb

i

, ��Æ=;� U , f(B) H?Bd/s �����(/0 X 9� B 07 f(B) 4�A�7!?B9�� P �47!?B9�{o ∃ x ∈ X 07I x 9��;d- Ox /0 Λ 9�?B� Γx = {β ∈ Λ :

Ox∩Pβ 6= ∅}. I ∀ β ∈ Γx � Uβ = ({β}× (
∏

n>1 Λn))∩M , ��=v {Uβ : β ∈ Γx}_ f−1(Ox) ;[_Æp%:Q[_�I ∀ β ∈ Γx, Uβ ∩ f−1(Ox) 6= ∅ Æ Uβ ZZ�s �( cβ ∈ Uβ ∩ f−1(Ox), #) Uβ ∩ f−1(Ox) _ M H cβ 9;b-� ∃ Bβ ∈ B,07 cβ ∈ Bβ ⊂ Uβ ∩ f−1(Ox) 2 f(Bβ) ∩ Ox 6= ∅ Æ Bβ ZZ�s �H� Ox ,
f(B) �A�%�?Bd/s �9, f 47!?B!%nJ� 2�| 3.1.3 q�X�D�4y�H\D�9>%q!w�%} 3/#�I)q�X�D� X, {{x} : x ∈ X} 4 X 9>%q\l�#AM 3.1.2(1) >� X 4H\D�9>%q!w� 2S"<M6�M 2.2.5, #,�?7k?Vk��| 3.1.4 ( (f, M, X,P) 4 Ponomarev j�{o
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(1) f 4�_[_�*?B!%4Æ+4 P 4 X 9*?B cs \l�
(2) f 4�_"�*?B!%4Æ+4 P 4 X 9*?B cs∗ \l�
(3) f 4�_[_�7!?B!%4Æ+4 P 4 X 97!?B cs \l�
(4) f 4�_"�7!?B!%4Æ+4 P 4 X 97!?B cs∗ \l��| 3.1.5 (1) X 4H\D�9�_[_�*?B!w4Æ+4 X 9%*?B cs \l�
(2) X 4H\D�9�_"�*?B!w4Æ+4 X 9%*?B cs∗ \l�
(3) X 4H\D�9�_[_�7!?B!w4Æ+4 X 9%7!?B cs \l�
(4) X 4H\D�9�_"�7!?B!w4Æ+4 X 9%7!?B cs∗ \l�+ n) 1 �_[_� 2 �_[_�*[_fs?�76s�9%k�fy 3.1.6 ID� X, k?Q�s�:�	
(1) X 4y�H\D�97!%q!w�
(2) X 9%7!%q\l�
(3) X 4L D��%}(1)⇔(2). #AM 3.1.2(3) 7)Vk X 4y�H\D�97!%q!w4Æ+4 X 9%7!%q\l7=�
(2)⇒(3). ( X �4L D���/0TkU> x ∈ X. #) X 9%7!%q\l P, /0 x 9;� Ux 07+, P H%qd/s ��_ n d�#) {x} �4;��2 Ux H/0�) x 9> y1. # X _ T2 D��/0 X H x 9;� Ux,1 |

y1 9;� Uy1
, 07 Ux,1 ∩ Uy1

= ∅. �/0 X H;� Ux,1 ∩ Ux ,;� Uy1
∩ Ux �s �#) Ux,1 ∩Ux 4 x 9;�Æ {x} �4;��2 Ux,1∩Ux /0�) x 9> y2.# X _ T2 D��/0 X H x 9;� Ux,2 | y2 9;� Uy2

, 07 Ux,2 ∩ Uy2
= ∅.�/0 X H;� Ux,1 ∩Ux,2 ∩Ux ,;� Uy2

∩Ux,1 ∩Ux �s �9���k��?0 X H�) n + 1 d;�ZZ�s �'#\l9A�� ∃ P1, · · · , Pn+1 ∈ P 07
Pi ⊂ Uyi

∩Ux,1 ∩ · · · ∩Ux,i−1 ∩Ux, i = 1, · · · , n + 1, 2 P1, · · · , Pn+1 ZZ�s �9, Ux +, P H%qd/s nJ�2 X 4L D��
(3)⇒(2). X 4L D��H� X 9��Q�_;���= {{x} : x ∈ X} _
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X 97!%q9\l� 2

3.2 i� (f, M, X,Pn) j (f, M, X, {Pn})#�$Kk℄ Ponomarevj (f, M, X,P)9�~�ktKkeZJ Ponomarevj9�E�fy 3.2.1 ( (f, M, X, {Pn}) 4 Ponomarev j�{o
(1) f 4>?B!%4Æ+4 ∪{Pn : n ∈ N} 4 X 9>?B\l�
(2) f 4*?B!%4Æ+4 ∪{Pn : n ∈ N} 4 X 9*?B\l�
(3) f 47!?B!%4Æ+4 ∪{Pn : n ∈ N} 4 X 97!?B\l�%} =vROKFAM 3.1.2. (1) 9=vKF (2), fsB�=v (2) | (3) Gz}9�~�
(2) 'U��I ∀b = (βb

n) ∈ M , 2 {Pβb
n
} 4 X H> f(b) 9\l�f U b

n =

{c = (γi) ∈ M : 4 i 6 n - γi = βb
i }. ��Æ= Bb = {U b

n : n ∈ N} 4 M H>
b 9b-��2 B = ∪{Bb : b ∈ M} 4 M 9��?=v f(U b

n) =
⋂

i6n Pβb

i

. �_
∪{Pn : n ∈ N} 4 X H*?B9�2I X H9��*� K, K ,q� Pn HDK?Bd/s �# f(U b

n) =
⋂

i6n Pβb

i

, ��Æ= K , f(B) H?Bd/s �����(/0 X 9� B 07 f(B) 4�A�*?B9�� ∪{Pn : n ∈ N}�4*?B9�I X H9y�*Q� K, /0 Λm 9�?B� Γm = {β ∈ Λm :

K ∩ Pβ 6= ∅}. I ∀ β ∈ Γm � Uβ = ((
∏

n<m Λm) × {β} × (
∏

n>m Λn)) ∩ M , ,AM
2.1 9=vKF� {Uβ : β ∈ Γm} _ f−1(K) ;[_Æp%:Q[_�I ∀ β ∈ Γm.

Uβ ∩ f−1(K) 6= ∅ Æ Uβ ZZ�s �I ∀ β ∈ Γm, ( cβ ∈ Uβ ∩ f−1(K), #) Uβ_ M H cβ 9;b-� ∃ Bβ ∈ B, 07 cβ ∈ Bβ ⊂ Uβ. 2 Bβ ∩ f−1(K) 6= ∅. �
f(Bβ) ∩ K 6= ∅ Æ Bβ ZZ�s �H�*� K , f(B) �A�%�?Bd/s �9, f 4*?B!%nJ�

(3) 'U��I ∀b = (βb
n) ∈ M , 2 {Pβb

n
} 4 X H> f(b) 9\l�f U b

n = {c =

(γi) ∈ M : 4 i 6 n - γi = βb
i }. ��Æ= Bb = {U b

n : n ∈ N} 4 M H> b 9b-��2 B = ∪{Bb : b ∈ M} 4 M 9��?=v f(U b
n) =

⋂
i6n Pβb

i

. �_ P 4 X H7!?B9�2I ∀ x ∈ X, /0 x 9;� Ux , ∪{Pn : n ∈ N} HDK?Bd/s �)4 Ux �+,q� Pn H?Bd/s �# f(U b
n) =

⋂
i6n Pβb

i

, ��Æ=;�
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Ux , f(B) H?Bd/s �����(/0 X 9� B07 f(B)4�A�7!?B9�� ∪{Pn : n ∈ N}�47!?B9�{o ∃ x ∈ X 07I x9��;d- Ox /0 Λm 9�?B� Γx,m =

{β ∈ Λm : Ox∩Pβ 6= ∅}. I ∀ β ∈ Γx,m� Uβ = ((
∏

n<m Λn)×{β}×(
∏

n>m Λn))∩M ,��=v {Uβ : β ∈ Γx,m} _ f−1(Ox) ;[_Æp%:Q[_�I ∀ β ∈ Γx,m,

Uβ ∩ f−1(Ox) 6= ∅ Æ Uβ ZZ�s �( cβ ∈ Uβ ∩ f−1(Ox), #) Uβ ∩ f−1(Ox) _
M H cβ 9;b-� ∃ Bβ ∈ B, 07 cβ ∈ Bβ ⊂ Uβ ∩ f−1(Ox) 2 f(Bβ)∩Ox 6= ∅ Æ
Bβ ZZ�s �H� Ox , f(B) �A�%�?Bd/s �9, f 47!?B!%nJ� 2fy 3.2.2 ( (f, M, X,Pn) 4 Ponomarev j��H P = ∪{Pn : n ∈ N}. 2

(1) f 4>?B!%4Æ+4I P 4 X 9>?B\l�
(2) f 4*?B!%4Æ+4I P 4 X 9*?B\l�
(3) f 47!?B!%4Æ+4I P 4 X 97!?B\l�%}: =vROKFAM 3.2.1
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