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Abstract

In this paper k-connected spaces are introduced and characterized. Some

properties of k-connected subspaces are presented, and the multiplicative of k-

connectedness are discussed. It is shown that a T2 space is a quotient compact image

of a connected paracompact locally compact space if and only if it is a k-connected

space with a point-finite k-system. The mapping properties about generalized met-

ric spaces which are connected paracompact are discussed in this paper. It is shown

that a T1 connected space with first countability is an almost-open image of a Lašnev

connected space, which gives partial answers to a V. V. Tkachuk’s question on the

preimages of connected spaces. It is also shown that a T1 connected space with

point-Gδ property is an almost-open image of a connected M1-space, where a map-

ping theorem on M1-spaces is established and then answers the question posed by P.

J. Nyikos in 1976. It is shown that a T1 connected local ℵ-space is an almost-open

image of an M1-space with a σ-hereditarity closure-preserving k-network.

Key Words: connected spaces; paracompact spaces; Lašnev spaces; M1-spaces;

almost-open mappings; quotient mappings
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suhsnmspjq� [14] fvi�k
lT$��m.�k����kkYx�E�ZK3�7Sm.�k
lT$EQ�
�fv~yr�T$ExT$N�k
lE�m��k
l^`��s).{>	�
, 1.1 PAT$ X, �kj&
�F"	
(1) X N�k
lE�
(2) X n 9Pfl℄T�kkYx� A � B, IC A ∪ B = X.

(3) X n 9Pfl℄T�kI� A � B, IC A ∩ B = ∅ � A ∪ B = X.

(4) X n 9P+l�N�kI�?N�k��E℄T\x��
, 1.2 ? {Cα}α∈Λ NT$ X E+|�k
lx�EOe|�S ∪α∈ΛCα N
X E�k
lx��
, 1.3 T$ X N�k
lE?�6? X N
lE� X E��kI?�k�Ex�N X EI� (���).
, 1.4[15] �k
l�NO℄O�E�� [13] Es).{>	
, 1.5 �k
�;=�)�k
l��
, 1.6 ? f : X → Y N�kaf;=�2 Y N�k
lT$�{+ f−1(y)N X E�k
lxT$�S X *N�k
lT$�
, 1.7 PA T2 T$ X, �kj&
�F"	

(1) X N
lNhT$E
�E�kaf;�

(2) X N
lNhT$E�k
�;�

(3) X N�k
lT$�;2 1.8 T2 T$ X N
lNhT$E8;� (�{I;�) ?�6? X N
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�\93�\Y� [17] P6�09?�CiNhT$ k ;�Eflg℄	 T2 T$ XNNhT$E k ;�?�6? X 9P5>� k �afk {Pn : n ∈ N} ICP X
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lT$E;=�m�l|=�k��K3E�k
lT$O./G Tkachuk[10] h.E�i�V6�U���H 2 Wl| k ��VK3 k 
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 2.3 -fv k 
l^`
 2.4 -_� k 
l�N-0O�E
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E
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T2 E
lT$N�+\5
lT$E8;�”. ��H 3 WP^�i Fedeli � Le

Donne EpR��b�09�,!fvi
lT$nE+�y3Nh�m��Ci\5
lT$ny3Nh�mE+�;=KZ�dZVPA9+!ea
lT$nEy3Nh�m���>b�t� 3.1 -1;\5
lT$EpR
 3.2 -fv
l M1 T$E;�
 3.3 -fv
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, 1.9 X N k 
lE?�6? X N
lE� X E� k I? k �Ex�N
X EI� (���). (%��KZ 2.1.7)
, 1.10 ? Y NT$ X E k 
l��0{ A N X E k ���w{ Y ⊂

A ⊂ ck(Y ), S A *N X E k 
lx�� (%��KZ 2.2.8)
, 1.11 k 
l�uA-0�_�� (%��KZ 2.4.2)
, 1.12 PA T2 T$ X, �kj&
�F"	
(1) X N
l\5C"5T$E5afE85;�

(2) X N
l\5C"5T$E85;�

(3) X NF>I>� k �E k 
lT$� (%��KZ 2.5.4)
, 1.13 {+ T1 E
lEH+O℄T$N
l Lašnev T$E��I;��

(%��KZ 3.2.2)
, 1.14 	IE�;=�) M1 T$� (%��KZ 3.2.6)
, 1.15 T1 T$ X NF>I Gδ �mE
lT$?�6? X N�+
lE
M1 T$E��I;�� (%��KZ 3.2.8)
, 1.16 {+ T1 E
lEC" ℵ T$NF> σ ,4���) k uE M1 T$E��I;�� (%��KZ 3.3.5)��bvT$HNr�T$�;=N
�w~℄��n|K3EYFE��%� [22] � [23].



etiorbkdgf 5	 2 Y k /9(��Ws)w+�Z�i [19] fvT$E
l�	
lE k T$N`OQ�y
lE\5C"5T$E8T$�l|51 k 
lT$��^���m��CuA85;=E/�? X N+T$� H ⊂ X. H %yN X E k �� [24], 2P X n-05� K, H ∩K �A K. 2 X \H N X E k ���S% H N X E k I� [24]. /%�I�N k IE���N k �E�T$ X %y k T$ [25], 2 A ⊂ X ICPA
X E{+5x� K > K ∩ A N K E�x��S A N X E�x��	(�T$
X N k T$?�6? X E{+ k ��N�E� H %yN X E�k�� [11], 2=
H nEI}&E X EQd�kE��IP H n�2 X \H N X E�k���S% H N X E�kI� [11].

2.1 k 0:)��&�T$ X %y�k
lT$ [12], 2 X  ��Kyfl� 
)E�k��b����51 k 
lT$EeÆ�
N 2.1.1 T$ X %y k 
lT$�2 X  ��Kyfl� 
)E k ��b��` T2 E�k
lT$N k 
lT$
 k 
lT$N
lT$�Xb�
lE
k T$N k 
lE
{+�k��N k �E k 
lT$N�k
lE�>N�
lT$ +KN k 
lE� k 
lT$ +KN�k
lE�- 2.1.2 9P℄ k 
lE
lT$�Z3 PAH
�T$ R E Stone-Čech 5� βR. # X = R ∪ {p}, �n p ∈

βR − R, X bC βR ExT$r��4y R N X E
lE+x��b. X N
lT$��_ R N X E k ���P X E5x� K, 	( | K |6 c. O$ K ∩ R N>0��`S� [? N ⊂ K ∩R. =A N N R E�xT$�℄< [22] qv 3.6.8,

βN m�A clβRN ⊂ K, O℄< [22] KZ 3.6.14, | K |> 2c, xQ�4S9P a, b ∈ RI K ⊂ [a, b] ∪ {p}, �y K ∩ R = K ∩ [a, b] N5x��b. K ∩ R N R E���r R N X E k ���? {p} N X E k ��� X = R ∪ {p}, b. X  N k 
lE� 2
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suhsnmspjq9ZuA R N X n k ��E.v��PA p ∈ βR − R, P R n 9P�kQdA {p}, �P βR n R uAQd�kN_�E�- 2.1.3 9P℄�k
lE k 
lT$�Z3 PAH
�T$ R E Stone-Čech 5� βR. 4y R N βR E
lE+x��b. βR N
lT$�=A βR N k T$�r βR N k 
lT$��_ βR  N�k
lE�	(�R N βR nEI��7SN βR nE�kI��?4y R uAQd�kN_�E�� R N βR nE�k���b. βR  N�k
lE� 2
lT$��k
lT$O.^�l|kYx�� s kYx�VQ� [22,14], y6�-�m. k ��EK3�9S51 k kYx�.Q� k 
lT$�
N 2.1.4 ? X N+T$�A ⊂ X.q ck(A) = ∩{F : FN X E k ���A ⊂

F}, % ck(A) y A E k ���` k I�E-0�N k I�� k ��E-0)N k ���46� ck(A) N
k ���nEK3 2.1.4, //&_ (1) A ⊂ ck(A) ⊂ A ,(2)A N k ��?�6?
ck(A) = A.X`kYx�EK3�~m. k kYx�EK3�
N 2.1.5 ? A� B NT$ X nEflx��0{ (A∩ck(B))∪(B∩ck(A)) =

∅, S%x� A � B N k kYE���m. k 
lT$EF"Q��
, 2.1.6 PAT$ X, �kj&
�F"	
(1) X N k 
lE

(2) X n 9Pfl℄T k kYx� A � B, IC A ∪ B = X;

(3) X n 9Pfl℄T k I� A � B, IC A ∩ B = ∅ � A ∪ B = X;

(4) X n 9P+l�N k I�?N k ��E℄T\x��Z3 (1)⇒(2). !? X n9P℄T k kYx� A � B, IC A ∪ B = X. 	(� A ∩ B = ∅, ��[G> ck(B) = ck(B) ∩ X = (ck(B) ∩ A) ∪ (ck(B) ∩ B) = B.46� B N X nE+l k ���mZ A *N X nE+l k ���=K3�[E
X N k 
lT$xQ�r (1) M} (2).

(2)⇒(3).!? X n9Pfl℄T k I� A� B,IC A∩B = ∅� A∪B = X./% A � B mG*N k ���=A A = ck(A), B = ck(B), 7S A ∩ ck(B) =
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∅, B ∩ ck(A) = ∅, � (A ∩ ck(B)) ∪ (B ∩ ck(A)) = ∅. 46 A � B y k kYx��[Ej& (2) xQ�r (2) M} (3).

(3)⇒(4). !? X n>+l�N k I�?N k ��E℄T\x� A, q B =

X − A, S A � B LN X nE k I��d~N 
)E�IC A ∪ B = X, [Ej& (3) xQ�r (3) M} (4).

(4)⇒(1). !? X  N+l k 
lT$�S X O�Kyfl℄TE� 
)E k �� A � B E��/% A � B N X n�N k I�?N k ��E℄T\x��Ej& (4) xQ�r (4) M} (1). 2
, 2.1.7 X N k 
lE?�6? X N
lE� X E� k I? k �Ex�N X EI� (���).Z3 �)��0{ X N k 
lE�S X N
lE�=KZ 2.1.6, X E� kI? k �Ex�6y X � ∅, b.d~N X EI� (���).*^��? X N
lT$� X E� k I? k �Ex�N X EI� (���).2 X  N k 
lT$�=KZ 2.1.6, X 9P� k I? k �E℄T\x� A, AN
X 9P�I?�E℄T\x��xQ�r X N k 
lT$� 2
, 2.1.8 T2 T$ X N�k
lE?�6? X N k 
lE�� X E��kI?�k�Ex�N X E k I� (� k ��).

2.2 k 0:a��5F^+
G� k 
lT$ExT$ N k 
lE�b.>�)Lu~yT$ X ExT$ Y E k 
l��
N 2.2.1 ? Y NT$ X E+lx��0{ Y ~y X ExT$N+l k 
lT$�S% Y N X E+l k 
lx�
`S�% Y  N X E k 
lx��O, 2.2.2 A NT$ X E k I� (k ��), Y ⊂ X, S A ∩ Y NxT$ Y E
k I� (k ��).Z3 6_ k ��E ��P Y nE-05� K, 	( K *N X nE5��r A ∩ K �A K, A ∩ K ∩ Y = A ∩ K �A K, r A ∩ Y N Y E k ��� 2? A ⊂ Y ⊂ X, S ck(A) ∩ Y N Y E�} A E k ���� A P Y nE k ��y ck,Y (A), S ck,Y (A) ⊂ ck(A) ∩ Y.
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^V� ck,Y (A) 6= ck(A) ∩ Y. 0# X N Arens T$ S2(% [26] ^ 1.8.6).

X = {0} ∪ N ∪ N
2, # A = N

2, Y = {0} ∪ N
2, �y ck(A) = X, ck,Y (A) = A, AN

ck,Y (A) = A 6= Y = ck(A) ∩ Y.O, 2.2.3 ? Y NT$ X E+lx�� A, B ⊂ Y. 0{ A � B NT$ XE k kYx��S A � B NxT$ Y E k kYx��Z3 ? A � B NT$ X E k kYx��S (A ∩ ck(B)) ∪ (B ∩ ck(A)) = ∅.=A ck,Y (A) ⊂ ck(A) ∩ Y, ck,Y (B) ⊂ ck(B) ∩ Y , b. A ∩ ck,Y (B) ⊂ A ∩ ck(B) ∩

Y, B ∩ ck,Y (A) ⊂ B ∩ ck(A) ∩ Y , 46 (A∩ ck,Y (B))∪ (B ∩ ck,Y (A)) = ∅, b. A �
B NxT$ Y E k kYx�� 2` 5Z 2.2.3 E��iN &_E�m(Lu Arens T$ S2, <9�+(E���S {0}, A N Y E k kYx��>d~ N X E k kYx��
, 2.2.4 ? Y NT$ X ExT$�29P X Efl℄T k kYx� A �
B IC A ∪ B = Y , S Y  N X E k 
lx��Z3 =5Z 2.2.3,A � B NxT$ Y E k kYx��7S Y  N X E k
lx�� 2
, 2.2.5 ? Y NT$ X E k 
lx��0{ X n>fl k kYx� A �
B IC A ∪ B = Y , S�Z A = ∅, �Z B = ∅.Z3 nE5Z 2.2.3, A � B NxT$ Y E k kYx��=KZ 2.1.6, �Z
A = ∅, �Z B = ∅. 2;2 2.2.6 ? Y NT$ X E k 
lx��0{ X n>fl k kYx� A� B IC Y ⊂ A ∪ B, S�Z Y ⊂ A, �Z Y ⊂ B.Z3 =5Z 2.2.3, A ∩ Y � B ∩ Y NxT$ Y E k kYx��� Y =

(A∩ Y )∪ (B ∩ Y ). nEKZ 2.2.5, �� A∩ Y � B ∩ Y n�>+lNT��0{
A ∩ Y = ∅, =A Y ⊂ A ∪ B, O% Y ⊂ B; 0{ B ∩ Y = ∅, mZO% Y ⊂ A. 2O, 2.2.7 0{ A NT$ X E k ��� E N A E k ���S E N X E k���Z3 P X n-05� K, S A∩K �A K, r A∩K N X n5��7S*N A n5��b. E ∩A∩K = E ∩K �A A ∩K, 7S�A K. 46 E N X E
k ��� 2
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, 2.2.8 ? Y NT$ X E k 
l��0{ A N X E k ���w{
Y ⊂ A ⊂ ck(Y ), S A *N k 
lx��Z3 !? A  N X E k 
l��nEK3�9P A n 
)E k �� E � F IC A = E ∪ F. =5Z 2.2.7, E � F *N X E k ����w{
E ∩ F = ∅, E ∪ F = A. /%� E � F N X E k kYx��=A Y N k 
lx�� Y ⊂ E ∪ F , nEqv 2.2.6, �Z Y ⊂ E �Z Y ⊂ F . 0{ Y ⊂ E, =A
ck(E)∩F = ∅, b. A ⊂ ck(Y ) ⊂ ck(E) ⊂ X −F ; mZ0{ Y ⊂ F , S A ⊂ X −E.7S> E = ∅ � F = ∅, [E E � F N℄TExQ�46 A N k 
lx�� 2g�G� k 
lx�E k ���y k 
lE�%T$ X Ex�| C = {Cα}α∈Λ NOeE [27], 2P-0 α, β ∈ Λ, 9P CE>�x� {Cα0

, Cα1
, · · · , Cαn+1

} IC{+ Cαi
∩ Cαi+1

6= ∅(0 ≤ i ≤ n), �n
Cα0

= Cα, Cαn+1
= Cβ.
, 2.2.9 ? {Cα}α∈Λ NT$ X E+| k 
lx�EOe|�S ⋃

α∈Λ

Cα N
X E k 
lx��Z3 q C =

⋃

α∈Λ

Cα, !? C  N X E k 
lx��nEKZ 2.1.6, 9P CE℄T k kYx� A � B IC C = A ∪ B, SPA{+ α ∈ Λ, Cα ⊂ A ∪ B. nEqv 2.2.6, �Z Cα ⊂ A, �Z Cα ⊂ B. P-0 α 6= β ∈ Λ, Cα E Cβ NOeE�AN9P>�l k 
lx� Cβ1
, Cβ2

, · · · , Cβn
IC Cα ∩ Cβ1

6= ∅, Cβ1
∩ Cβ2

6=

∅, · · · , Cβi
∩ Cβi+1

6= ∅, · · · , Cβn
∩ Cβ 6= ∅. 0{ Cα ⊂ A, =A Cα ∩ Cβ1

6= ∅, S
Cβ1

⊂ A. ?= Cβ1
∩ Cβ2

6= ∅, S Cβ2
⊂ A. 06�%�OC Cβ ⊂ A. =A Cβ N-0E�7SPA-0 α ∈ Λ, Cα ⊂ A, [BM} C ⊂ A � B = ∅, E A � B N℄TExQ�r ⋃

α∈Λ

Cα N k 
lE� 2;2 2.2.10 ? {Cα}α∈Λ NT$ X E k 
lx�|�0{9P α0 ∈ Λ IC
Cα0

E�d k 
lx� Cα(α ∈ Λ) L
)�S ⋃

α∈Λ

Cα N k 
lE�;2 2.2.11 ? {Cα}α∈Λ NT$ X E k 
lx�|��� ⋂

α∈Λ

Cα 6= ∅, S
⋃

α∈Λ

Cα N k 
lE�;2 2.2.12 ? X N+T$�0{PA-0 x, y ∈ X, 9P X E k 
lx�
Cxy IC x, y ∈ Cxy ⊂ X, S X N k 
lE�
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suhsnmspjqZ3 ? x0 NT$ X E+lsKI�SPA-0 x ∈ X, q Cx y} x0 E xE k 
lx��AN�| {Cx}x∈X w{qv 2.2.11 Ej&�46 X =
⋃

x∈X

Cx N k
lE� 2

2.3 k 0:Æ[P��f-n�->fvi k 
lT$.�~yxT$N k 
lET$E�m��y�PA-0mKET$� aBdN`N k 
l�BLu�d^/y� k
l^`�b��
N 2.3.1 ? X N+T$� x, y ∈ X, 0{P X n9PmG�} x, y E k 
lx��S%I x � y N k 
lE�/_T$nIE k 
lu�yF"u��
N 2.3.2 PAT$ X nEIE k 
lu�S$E{+F"X%y X E k
l^`�T$ X 6= ∅ E{+ k 
l^`L NT�
 X E mE k 
l^`�)
.� X Eb> k 
l^`b��N X ���6s� x, y ∈ X XA X Em+l k 
l^`?�6? x � y N k 
lE�O, 2.3.3 ? x NT$ X EI� P NT$ X n�}I x Eb> k 
lx�E��S P N k 
l k ���Z3 =qv 2.2.11, P N k 
lE�O=KZ 2.2.8, ck(P ) N k 
lE�
x ∈ ck(P ). =-a P NT$ X n�}I xEb> k
lx�E��7S ck(P ) ⊂ P ,r ck(P ) = P , P N k 
l k ��� 2
, 2.3.4 ? C NT$ X E k 
l^`�S	

(1) 0{ Y N X E k 
lx��� Y ∩ C 6= ∅, S Y ⊂ C.

(2) C N X E k 
lx��
(3) C N X E k ���Z3 (1) q x ∈ Y ∩C. 2 y ∈ Y , S x, y N k 
lE�7S y ∈ C. [_�i

Y ⊂ C.

(2) q x ∈ C. PA{+ y ∈ C, nEK39P X E+ k 
lx� Cy, IC
x, y ∈ Cy. 	( Cy ∩ C 6= ∅, r= (1), Cy ⊂ C. =qv 2.2.11 a� C N X E k 
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(3) nE5Z 2.3.3,C y X E k ��� 2qbra�
l^`N�;E
lx��KZ 2.3.4 ��� k 
l^`*N�;E k 
lx���yTZu�?0���
, 2.3.5 T$ X E{+ k 
l^`��}P X E+
l^`bn�Z3 ? C N X E+ k 
l^`� x N C nEI� P N X n�} x E
l^`�4y C N
lE�b. C ⊂ P . 2mZO_�0{ X N T2 T$�S X E{+�k
l^`��}P X E+ k
l^`bn���m. k 
lT$Ep+oQ��O, 2.3.6 T$ X E{l k 
l^`NI� (4S*N��) ?�6? X E{lI>+l k 
lnG�Z3 �)��-0 x ∈ X, }I x E k 
l^`BNb!EnG�*^��? C N+ k 
l^`� x ∈ C. =-aI x >+l k 
lnG Ux, =A C N} x E�; k 
lx��7S Ux ⊂ C, r C NI��?4 X \ C N/ CbsD�E k 
l^`E���4SNI��AN C ?N��� 2mZO_�2 T2 T$ X E{l�k
l^`N k I� (4S*N k ��) ?�6? X E{lI>+l�k
lE k I��
, 2.3.7 T$ X N k 
lE?�6? X N
lE���PA-0 x ∈ X,>+l�} x E k 
lnG�Z3 �)��4y k 
l+K
l�r X N
lE�?4 X N k 
lE�b.�P-0 x ∈ X, X BN x E+l k 
lnG�*^��=A X nE{lI>+l k 
lnG�E5Z 2.3.6, X E{l k 
l^`NI���4y X 
l�b.d6>℄TI�� X, ^� X E k 
l^`f>+l X, � X N k 
lE� 2mZO_�2 T2 T$ X N�k
lE?�6? X N k 
lE���PA-0 x ∈ X, >+l�} x E�k
lnG�
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2.4 k 0:�6M%�F[-fv k 
lEO���
N 2.4.1 PAT$ X Ex� S, q ck(S) = {x ∈ X : 9P X n}I x E5� K IC x XA S ∩ K P KnE��}.[Gz> S ⊂ ck(S) ⊂ ck(S) ⊂ S. MH9�P-0 x ∈ ck(S), K Nw{K3
ck(S) E5��2 x /∈ ck(S), S9P X E k �� F, S ⊂ F, x /∈ F . S F ∩ K �A
K, S ∩ K P K nE���}A F ∩ K, [E x XA S ∩ K P K nE��xQ�
, 2.4.2 k 
l�uA-0�_��Z3 R�_� k 
l�uA>��_��y6�f�_�fl k 
lT$E�T$N k 
lE�? X � Y LN℄TE k 
lT$�#KI p0 = (x0, y0) ∈ X×Y .PA-0E p = (x, y) ∈ X × Y , /% X × {y0} � {x} × Y LN X × Y E k 
lx���� (X × {y0}) ∩ ({x} × Y ) 6= ∅. =qv 2.2.11, (X × {y0}) ∪ ({x} × Y ) N
X × Y E k 
lx��mG�}I p0, p. =qv 2.2.12, S X × Y N k 
lE�uA-0�_�_�0�	? {Xα}α∈Γ N. Γ ye��E+℄T k 
lT$|�� X =

∏

α∈Γ

Xα. P X n�#+lI b = (bα)α∈Γ. P Γ nm.-0>�le� {α1, · · · , αn}, X ExT$ X(α1, · · · , αn) K3y	d=b>[(EI (xα)α∈Γ}&�PA α 6= α1, · · · , αn, > xα = bα.  �K. X(α1, · · · , αn) E>��T$
Xα1

× · · · × Xαn
m��4SN k 
lE�=6O.q.�X E[�xT$b��xT$ Y = ∪{X(α1, · · · , αn) : ∀{α1, · · · ,

αn} ⊂ Γ} N k 
lE�[N4yT$ X(α1, · · · , αn) N k 
lE���d~L}>I b = (bα)α∈Γ. =KZ 2.2.8, S ck(Y ) N X E k 
lx��y_� X N k 
lT$�f�_� ck(Y ) = X. PA{+ β = (βα)α∈Γ ∈ X, # Xα n5� Kα w{
{bα, βα} ⊂ Kα, S K =

∏

α∈Γ

Kα N X n5�� β ∈ K. �_ β P K nE{+�J
Uk E Y 
)� Uk = U |K = U ∩ K, �n U = {Uα}α∈Γ N X n�J��{+ UαN Xα EI����/%>�Rld α(�0 α = α1, · · · , αn) .s Uα = Xα. q

yα =

{

βα, α = α1, · · · , αn

bα, ΓnE�Bα.4y (yα)α∈Γ ∈ X(α1, · · · , αn), b. (yα)α∈Γ ∈ Y . u0A (yα)α∈Γ ∈ U ∩K = Uk. r
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Uk ∩ Y 6= ∅. b. β ∈ clK(Y ∩K), 7S β ∈ ck(Y ) ⊂ ck(Y ). r X N k 
lE� 2

2.5 0:
� ��)��TC�-fv
l\5C"5T$E;��?;= f : X → Y . f %y5af;=
[28],2 Y E-+5x�N X n�5x�P f �E��f %y5;=�2{+ f−1(y)N X E5x� (% [22]). f %y�5;=�2 f N��5E;= (% [22]). T$ XEx�| P %y X EI>� (IO℄) �|�2PA{+ x ∈ X, {P ∈ P : x ∈ P}N>�E (O℄E)(% [22]). T$ X Eaf P %y X E k af [29], 2P X n5x� K, 9P P E>�x� P ′ IC K ⊂ ∪P ′. =T$ X E5x�}&E X Eaf
P %y X E k � [30], 2 X Ex� A w{PA-0E P ∈ P, A ∩ P �A P , S A�A X.O, 2.5.1 ;=�) k 
l��Z3 X N k 
lT$� f : X → Y N;=�!? Y  N k 
lE�S YNfl℄TE 
)E k ��b���_2 A N Y nE k ���S f−1(A) N XnE k ���P X nE-05� K, S f(K) N Y nE5��r A ∩ f(K) �A
f(K), f−1(A ∩ f(K)) �A f−1(f(K)), r f−1(A ∩ f(K)) ∩ K = f−1(A) ∩ K �A
f−1(f(K)) ∩ K = K. r X *Nfl℄TE 
)E k ��b��xQ� 2O, 2.5.2 ? f : X → Y N5af;=��n Y N T2 T$�2 Y N k 
lT$�{+ f−1(y) N X E k 
lx��S X *N k 
lT$�Z3 2 X  N k 
lT$�S9P X E 
)E℄T k ��P A, B, IC X = A ∪ B. =A{+ f−1(y) N X E k 
lx��b.�Z f−1(y) ⊂ A,� f−1(y) ⊂ B. AN9P Y n 
)E℄T�P C, D, IC Y = C ∪ D, A =
⋃

y∈C

f−1(y) � B =
⋃

y∈D

f−1(y), � A = f−1(C), B = f−1(D). �_ C, D N k ���P Y nE-05� K, 4 f N5af;=�r9P X nE5� M IC f(M) = K.S f−1(C)∩M �A M , f(f−1(C)∩M) = C ∩K N K n5��4 Y N T2 T$�r C ∩ K �A K. mZO_ D N k ���[E Y N k 
lExQ�46 X N k
lT$� 2�-�ZEKZnT$w{ T2 ^Y��O, 2.5.3 PAT$ X, �kj&
�F"	
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(1) X N
l\5C"5T$E5af5;�

(2) X NF>=5x�}&EI>� k afE k 
lT$�Z3 (1)⇒(2). \5C"5T$N k T$�
lE k T$N k 
lE�;=�) k 
l��r X N k 
lE�\5C"5T$E5af5;�F>=5x�}&EI>� k af [29]. r X NF>=5x�}&EI>� k afE k 
lT$�
(2)⇒(1). ? X N k 
lT$� K N X E=5x�}&EI>� k af��r��⊕

K y M , S M N\5C"5T$�? q : M → X Ny(;=�S q N5af;=�MH9�P X n-+5� N , 9P K nE>�x� K′ IC N ⊂ ∪K′.? L =
⊕

{N ∩K : K ∈ K′}, S L N M nE5�� q(L) = N . 	( q N5;=�r q N5af5;=�bCM×I�r��	(M×IN\5C"5T$�P� M×I9K3TJu� ∼0�	 (y1, t1) ∼ (y2, t2) ?�6? q(y1) = q(y2) � t1 = t2 = 1,� y1 = y2 � t1 = t2,S∼NF"u��F"XE�� (8�)�y Z,��* π : M×I → Z NJYo9�PA{+ y ∈ M, n ∈ N, q Byn = π({(y, 1)}∪{(y′, t) : q(y′) = q(y), 1−1/n < t < 1}).P�� Z 9bC�Zr� τ : PA{+ (y, t) ∈ M × I, 2 t 6= 1,π(y, t) P Z nEnG�0 (y, t) P M × I nnG
2 t = 1,π(y, t) P Z nEnG�y {Byn : n ∈ N}.PA{+ U ∈ τ, π−1(U) NT$ M × I EI��7S π N;=�P-0E z ∈ Z,

π−1(z) N M × I nE5��P-0E z ∈ Z, π−1(z) ⊂ U , U N M × I nEI��9P Z nI� V IC z ∈ V � π−1(V ) ⊂ U . b. π N�5;=�4�5;=�)\5C"5� [22], b. Z N\5C"5T$�K3~℄ p : M × I → X, IC{+ p(y, t) = q(y), OK3~℄ f : (Z, τ) → Xw{ f ◦ π = p.�_ f N5af5;=��_ f N
�E�0{ E NM EI��S π(E×[0, 1))N (Z, τ) EI�
0{ x ∈ X, S π(q−1(x) × (0, 1]) N (Z, τ) EI��2 A NT$ X EI��S q−1(A) NT$ M EI��AN f−1(A) = π(q−1(A) × [0, 1)) ∪

(
⋃

x∈A

π(q−1(x) × (0, 1])) N (Z, τ) EI��r f N
�E�? K N X nE-05��=A q N5af;=�r9P M n5� N IC q(N) = K, S9P M × I n5� N × I IC p(N × I) = K. 4 π N
�E�r π(N × I) N Z nE5���
f(π(N × I)) = p(N × I) = K. b. f N5af;=�4 [0, 1] E-+�"$N5
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lx��=5Z 2.5.2, (Z, τ) N k 
lT$�7S (Z, τ) N
lT$�r X N
l\5C"5T$E5af5;�� 2
, 2.5.4 PAT$ X, �kj&
�F"	
(1) X N
l\5C"5T$E5afE85;�

(2) X N
l\5C"5T$E85;�

(3) X NF>I>� k �E k 
lT$�Z3 (1)⇒(2). 	(�
(2)⇒(3). 4y\5C"5T$E85�F>I>� k � [29]. =5Z 2.5.1,XNF>I>� k �E k 
lT$�
(3)⇒(1). =� [29] a	2 K NT$ X EIO℄af��y K N X E k �?�6? X N k T$� K N X E=5x�}&E k af�4 X N k T$�r5af;=N8;= [28]. =5Z 2.5.3,X N
l\5C"5T$E5afE85;�� 2
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lT$E+�y3NhT$XE;=�m�[fvKA
Tkachuk E�i [10]: {+t&^SE
lEH+O℄T$N`N
lNhT$EI;��Æ1�l�|eÆ (% [23]). ? P NT$ X Ex�|� P %y X EY5�|�2PA{+ x ∈ X, 9P x P X nEInG U IC {P ∈ P : P ∩U 6= ∅} iRf>+lJ� P %y X EC">��|�2PA{+ x ∈ X, 9P x P X nEInG U IC {P ∈ P : P ∩U 6= ∅} N>�E� P %y X EC"O℄�|�2PA{+ x ∈ X, 9P x P X nEInG U IC {P ∈ P : P ∩U 6= ∅} NO℄E� P%y X E���)�|�2PA{+ P ′ ⊂ P, > cl(∪P ′) = ∪{cl(P ) : P ∈ P ′}. P%y X E,4���)�|�2PA{+ H(P ) ⊂ P ∈ P, �| {H(P ) : P ∈ P}N���)E��WbvT$w{ T1 ^Y��
3.1 
�0:)���U
N 3.1.1 ?;= f : X → Y .

(1) f %y��I;= [31], 2PA{+ y ∈ Y , 9P x ∈ f−1(y), IC0{ U N
x P X nEnG�S f(U) N y P Y nEnG�

(2) f %y OL;= [22], 2P X E{+\�x� F , f(F ) 6= Y .

(3) f %y	I;= [32], 2P X E{+℄TI� U , intf(U) 6= ∅.	(�I;=N	I;=�S�I;= ⇒ ��I;= ⇒ 8;=�O, 3.1.2(Fedeli-Le Donne pR [12]) ? X N-+T$�S9P T2 \5T$
Y � Z, 8;= π : Y → Z � g : Z → X, w{ X N
lT$?�6? Z N
lT$�

Fedeli � Le Donne EpR0��PAT$ X, k K = X ×X. bC�� K �Zr�	
(1) {+ (x′, x) ∈ K, x′ 6= x, Nq_I�
(2) PA{+ x ∈ X, I (x, x) P K nEnG�#y {B × {x} : B N x P XEnG }.? Y = K × [0, 1]. P�� Y 9bCr� τ : τ >�J�0� Y uAT$ K �
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[0, 1] E�r�nEJ�� {κ} × (0, 1], κ ∈ K.* Z N�T$ Y n{+� {x} × X × {1} V&+Ib&E8T$��8;=
π : Y → Z. K3~℄ g : Z → X, IC{+ g(x, x′, t) = x. S g N8;=�� [12]_�iT$ X N
lE?�6?T$ Y N
lE�/&_�Y N T2 T$�yit��%���_� Y N\5T$�PA{+ x ∈ X,? Fx = X×{x}×[0, 1],S Y =

⊕

{Fx : x ∈ X}. 7Sf�_�{+ Fx N\5T$�? U N Fx E-+Iaf��# Ux ∈ U , IC (x, x, 0) ∈ Ux, S9P x P X nEInG B � ε > 0,IC B × {x} × [0, ε] ⊂ Ux. PA-0E x′ ∈ X, = {x′} × {x} × [0, 1] E5��
{U ∩ ({x′} × {x} × [0, 1]) : U ∈ U} 9P>�x� Ux′ af {x′} × {x} × [0, 1]. q

Vx′ =

{

Ux′, x′ ∈ X − B

{U ∩ ({x′} × {x} × (ε, 1]) : U ∈ Ux′}, x′ ∈ B.=A? x′ 6= xG�{x′}×{x}×[0, 1]N Fx n�I��Ex��/&_ ⋃

x′∈X Vx′∪{Ux}N Fx n U EC">�I �af�r Fx N\5E� 2PAmKET$ X, ��n%<5Z 3.1.2 E���C&T$ K, Y E Z, �;= π E g.O, 3.1.3 π : Y → Z N OLE�;=� g : Z → X N��I;=�9P��I;= f : Y → X, IC g ◦ π = f .Z3 P-0E z ∈ Z, ? Y nEI� U ⊃ π−1(z),  [? π−1(z) = {x′}×X ×

{1}. PA{+ x ∈ X, 9P εx > 0, IC {x′} × {x} × (εx, 1] ⊂ U . q
V = {z} ∪ (∪{{x′} × {x} × (εx, 1) : x ∈ X}).S V N z P Z nEInG� π−1(V ) ⊂ U . r π N�;=�? F N Y E\�x��S9P κ ∈ K � 0 < a < b < 1,IC F∩({κ}×(a, b)) =

∅, AN π(F ) 6= Z, b. π N OL;=�P-0 x ∈ X, S (x, x, 0) ∈ g−1(x), 0{ W N (x, x, 0) P Z nE-+nG��y x ∈ intg(W ). r g N��I;=�K3~℄ f : Y → X, IC{+ f(x, x′, t) = x. 	(� g ◦ π = f . v_ f N��I;=�P-0E O ⊂ X, f−1(O) = O × X × [0, 1]. 	(�2 O N X EI��S f−1(O) N Y EI��b. f N
�~℄�P-0 x ∈ X, S (x, x, 0) ∈ f−1(x),0{ G N (x, x, 0) P Y nE-+nG��y x ∈ intf(G). r f N��I;=� 2
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3.2 0: M1 )��TC��^�T$ Y E+�C"Ey3Nh�m�? Φ N+r��m�%T$ XNC" Φ T$�2 X nE{+IL9PF>�m Φ EnG�Æ1�lF>�.pEy3NhT$ [23]. NhT$E�;�%y Lašnev T$�F> σ ���)�E^ST$%y M1 T$�F> σ ���)	�E^ST$%y M2 T$� M2 T$F"A#T$ (% [23]).NhT$ ⇒Lašnev T$ ⇒ M1 T$ ⇒ M2 T$ = #T$ ⇒ \5T$�O, 3.2.1 T$ X NH+O℄T$?�6?T$ Y NONhT$�Z3 =A��I;=�)H+O℄��2 Y NONhT$�=5Z 3.1.3, XNH+O℄T$�Xb�4y Y N\5T$�= Smirnov Nh�KZ (% [22]), f�_ Y NC"ONhE�u0A�PA{+ (x′, x, t) ∈ Y , 2 x′ 6= x, S {x′} × {x} × [0, 1] NI (x′, x, t) P Y nEONhEnG
2 x′ = x � t > 0, S {x} × {x} × (0, 1] NI
(x′, x, t) P Y nEONhEnG�4S�fvT$ Y EC"ONh�m�f�L$ (x, x, 0) P Y nEC"ONh��PA{+ x ∈ X, 4y X NH+O℄T$�*
{Un : n ∈ N} NI x P X nEC"��k

Bn = {Un × {x}} ∪ {{(x′, x)} : x′ ∈ X − Un}, n ∈ N.	(�⋃

n∈N
Bn N K E^SxT$ X ×{x} E σ Y5��AN X ×{x} NI (x, x)P K nONhEnG�7S X ×{x}× [0, 1] NI (x, x, 0) P Y nONhEnG�r Y NC"ONhT$�46 Y NONhT$� 2=9Z5Z��~CAi Tkachuk �i [10] E"^Æ:�
, 3.2.2 {+
lEH+O℄T$N
l Lašnev T$E��I;��%T$ X NI Gδ T$�F>I Gδ �m�2 X E{+=I�N X E Gδ ��O, 3.2.3 T$ X F>I Gδ �m?�6? Y N M1 T$�Z3 	(� M1 T$F>I Gδ �m�/&_���I;=�)I Gδ �m�b.2 Y N M1 T$�S X F>I Gδ �m�Xb�?T$ X F>I Gδ �m�PA{+ x ∈ X, ? Bx N x P X nEC"



etiorbkdgf 19��AN9P�k{Un} ⊂ Bx, IC {x} =
⋂

n∈N
Un. k

Bn = {B × {x} : B ∈ Bx} ∪ {{(x′, x)} : x′ ∈ X − Un}, n ∈ N.P K ExT$ X ×{x} n�=A (x, x) Nx+EDI�b. {B×{x} : B ∈ Bx} N���)E�� {{(x′, x)} : x′ ∈ X − Un} NY5E�AN Bn N���)E�u0A�PA{+ x′ ∈ X −{x}, 9P n ∈ N, IC x′ /∈ Un. [�� ⋃

n∈N
Bn N X ×{x}E��r X × {x} N M1 T$�7S Y ExT$ Fx = X × {x} × [0, 1] N M1 T$�46 Y =

⊕

{Fx : x ∈ X} N M1 T$� 2yi℄<5Z 3.2.3 ^� Z N M1 T$�>�)Æ: OLE�;=N`�)
M1 T$�m��~P6℄< Mizokami E.{��CidE+lRKEÆ:�iA�;=N`�) M1 T$�m�
N+l:|/GE�i [33,34].O, 3.2.4[32] ? h : X → H N	IE�;=�2 B N X E���)EI�|�S {inth(B) : B ∈ B} N H E���)�|�O, 3.2.5[35,36] ? X N#T$��Zj&
�F"	

(1) X N M1 T$�
(2) X E{+IF>���)C"��
(3) X E{+��P X nF> (σ) ���)EInG��
, 3.2.6 	IE�;=�) M1 T$�Z3 ? h : X → H N	IE�;=��n X N M1 T$�=A�;=�)#T$ (% [23]), b. H N#T$�PA{+ y ∈ H , =5Z 3.2.5, f−1(y) P X nF>���)EInG� B, ?=5Z 3.2.4, {inth(B) : B ∈ B} N y P H nE���)C"��O=5Z 3.2.5, H N M1 T$� 2/&_� OLE�;=N	I;= [32], b.>�Zqv�dÆ:i Nyikos h.E+l�i [34,37].;2 3.2.7  OLE�;=�) M1 T$�
, 3.2.8 T$ X NF>I Gδ �mE
lT$?�6? X N�+
lE

M1 T$E��I;��Z3 f�_��)��? X NF>I Gδ �mE
lT$�=5Z 3.2.3, YN M1 T$�?=5Z 3.1.3 �qv 3.2.7, Z N M1 T$�O=5Z 3.1.2 �5Z
3.1.3, Z N
lT$� g : Z → X N��I;=� 2
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3.3 0: ℵ )��TC�-fvF>u.pEy3Nh�m�? P NT$ X Ex�|� P %y XEu (% [23]), 0{ U N X EI�� x ∈ U , S9P P ∈ P, IC x ∈ P ⊂ U . P%y X E k u (% [23]), 0{ C � U ^�N X E5��I�� C ⊂ U , S9P>�E P ′ ⊂ P, IC C ⊂ ∪P ′ ⊂ U . F> σ C">�uE^ST$%y σ T$ (%
[23]). F> σ C">� k uE^ST$%y ℵ T$ (% [23]).	(�NhT$ ⇒ ℵ T$ ⇒ σ T$ ⇒ F>I Gδ �mET$�4y M1 T$N σ T$ (% [23]), b.5Z 3.2.3 nET$ Y O�y σ T$�>N� Y |�N
ℵ T$�* X N6T$ Sω1

(% [26] �i 2.7.21), �P ω1 l℄�WEQd�kEr���(�b>��IV&+ICAE8T$�S X N Lašnev T$�7SN σ T$�> N ℵ T$ (% [26]). 2� X Ex+DIy s, �y K ExT$ X ×{s} .m�A Sω1
, AN X × {s}  N ℵ T$�7S Y * N ℵ T$�[���yI YN ℵ T$��� �uE.p�O, 3.3.1 2 T2 T$ X F> σ C"O℄u�S X NI Gδ T$�Z3 ? P =

⋃

n∈N
Pn NT$ X E σ C"O℄u��n{+ Pn NC"O℄E�PA{+ x ∈ X, n ∈ N, = Pn EC"O℄��9P x P X nEInG Gn, IC Gn 6E Pn nEO℄lJ
)��

{P ∈ Pn : P ∩ Gn 6= ∅} = {Pnm : m ∈ N},

Un = Gn − ∪{P nm : x /∈ P nm, m ∈ N}.S Un N X n�}I x E Gδ ��v_ {x} =
⋂

n∈N
Un. 29P x′ ∈

⋂

n∈N
Un −{x},S9P X n 
)EI� V � V ′, IC x ∈ V, x′ ∈ V ′. 4y P N X Eu�9P

n ∈ N � P ∈ Pn, IC x′ ∈ P ⊂ V ′. [G x′ ∈ P ∩ Gn � x /∈ P , AN9P m ∈ N,IC P = Pnm, 7S x′ ∈ Un ⊂ Gn − P nm, xQ� 2O, 3.3.2 ? x ∈ X. 2 {x} N X E Gδ ��S K ExT$ X × {x} E-+5��ZN>���ZN}I (x, x) EQd�k�Z3 ? F N X × {x} E��5x��=A (x, x) N X × {x} Ex+DI�� F >DI�b. (x, x) ∈ F . �_� F NO℄��? {Gn} N X EI�k��
{x} =

⋂

n∈N
Gn. PA{+ n ∈ N,5� F−(Gn×{x})NY5E�b. F−(Gn×{x})
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⋂

n∈N
(Gn × {x}) =

⋃

n∈N
(F − (Gn × {x})) NO℄��46 F NO℄��� F = {(x, x)} ∪ {(xn, x) : n ∈ N}. =A F E-+��x�. (x, x) yx+DI�b.P X ×{x} n (xn, x) → (x, x), � F N+Qd�k� 2O, 3.3.3 2 X NC"F> σ C"O℄ k uE T2 T$�S Y N ℵ T$�Z3 ^4!t&5ZE_��

(1) Y NC"F> σ C"O℄ k uET$�=5Z 3.2.1 E_�O%�f�&_P{+ x ∈ X, P K n (x, x) E�nGF> σ C"O℄ k u�4 X NC"F> σ C"O℄ k u�9PI x P X nEInG B, IC B F> σ C"O℄ k u�v_I (x, x) P K nEnG B × {x} F> σC"O℄ k u�? ⋃

n∈N
Pn NxT$ B E σ C"O℄ k u��n{+ Pn ⊂ Pn+1� Pn P B nNC"O℄E�AN9P x P B nEInG Bn, IC Bn 6E PnnEiRO℄lJ
)�=5Z 3.3.1,  [? ⋂

n∈N
Bn = {x}. P n ∈ N, k

Ln = {P × {x} : P ∈ Pn} ∪ {{(x′, x)} : x′ ∈ B − Bn}.= Bn E�#� Pn EIO℄��S Ln N B×{x}EC"O℄�|�q L =
⋃

n∈N
Ln.

L N B × {x} Eu�MH9�? (x′, x) ∈ U ⊂ B × {x}, �n U N B × {x}EI��2 x′ 6= x, S9P n ∈ N, IC x′ ∈ B − Bn, AN {(x′, x)} ∈ Ln �
(x′, x) ∈ {(x′, x)} ⊂ U . 2 x′ = x, S9P x P B nEInG V , IC (x, x) ∈

V × {x} ⊂ U , 7S9P m ∈ N � P ∈ Pm, IC x ∈ P ⊂ V , �y P × {x} ∈ Lm� (x, x) ∈ P × {x} ⊂ V × {x} ⊂ U .

L N B×{x} E k u�MH9�? F ⊂ U , �n F, U ^�N B ×{x} E5��I�� [? F N����S=5Z 3.3.1 �5Z 3.3.2, � F = {(x, x)}∪{(xn, x) :

n ∈ N}, �nP X × {x} n (xn, x) → (x, x). 9P x P B nEInG V , IC (x, x) ∈ V × {x} ⊂ U , b.9P n0 ∈ N, IC? n > n0 G> xn ∈ V , 7S9P m ∈ N �>�E P ′ ⊂ Pm, IC {x} ∪ {xn : n > n0} ⊂ ∪P ′ ⊂ V . [G
F − ∪{P × {x} : P ∈ P ′} N>���7S9P>�E L′ ⊂ L, IC F ⊂ ∪L′ ⊂ U .

(2) Y F> σ C"O℄ k u�℄< Y E\5��= (1), 9P Y EC">��af {Yα}α∈Λ, IC{+ Yα F> σ C"O℄ k u�* Y ′ NT$| {Yα}α∈Λ Er��� q : Y ′ → Y Ny(;=�
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suhsnmspjqST$ Y ′ F> σ C"O℄ k u�� q N>�A+E�;=�7S q N�5;=�/&_ [26], �5;=�) k u��)C"O℄�|�b.T$ Y F> σ C"O℄
k u�

(3) Y N ℵ T$�? ⋃

n∈N
Qn NT$ Y E σ C"O℄ k u��n{+ Qn ⊂ Qn+1 � Qn NC"O℄E�PA{+ n ∈ N, 9P Y EIaf Un, IC Un E{+J6E Qn nEiRO℄lJ
)�= Y E\5�� [? Un NC">�E��y Un ∧Qn = {U ∩Q :

U ∈ Un, Q ∈ Qn} N Y E σ C">��|�PA{+ C ⊂ W , �n C, W ^�N
Y E5��I��S9P n ∈ N �>�E Q′ ⊂ Qn, IC C ⊂ ∪Q′ ⊂ W , mG9P>�E U ′ ⊂ Un, IC C ⊂ ∪U ′, AN C ⊂ ∪(Q′ ∧ U ′) ⊂ W . r ⋃

n∈N
(Un ∧ Qn) N

Y E σ C">� k u�b. Y N ℵ T$� 2=5Z 3.1.3, 5Z 3.2.3 �5Z 3.3.3, >;2 3.3.4 2T$ X NC" ℵ T$�S Y N M1 E ℵ T$�=A Lašnev T$|�N ℵ T$ (06T$ Sω1
), b.? X NC" ℵ T$G�

Z |�N ℵ T$�\5 ℵ T$E��F> σ ,4���) k u (% [26]), b.
, 3.3.5 {+
lEC" ℵ T$NF> σ ,4���) k uE M1 T$E��I;��>7 3.3.6 {+
lEC" ℵ T$N`N�+\5
lE ℵ T$E8T$�>7 3.3.7 {+C"
lT$N`N�+\5C"
lT$E8T$�
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